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Model (1): Jumps in aggregate consumption

I. Solving for the equilibrium

We consider two investors with identical recursive preferences.* Investor i’s (i = 1,2)

value function at time t is given as
(1'1) J’i,t = Ei,t /f(Ci,sa Ji,s) ds| ,
t

where f(Ci4, J;¢) is her normalized aggregator function with

1—

e
(1-%) (1= Jd™

(12) f (C’i,ta Ji,t) = - 6 0 Ji,t7

where ( is the subjective time preference rate, v is the coefficient of relative risk aversion,

1—v
1 .
=3

1 denotes the elasticity of intertemporal substitution (EIS), and 6 = In the following,
we assume v > 1 and ¢ > 1, which implies v > i, 0 < 0, and that both investors exhibit a
preference for early resolution of uncertainty.

All equilibrium quantities are functions of the pessimist’s share of aggregate consump-

. C . .
tion, wy = C#t’t, as the endogenous state variable. Its dynamics are:

(1.3) dwy = iy (wy) dt + oy (wy) AWy + Ly, (wy) dNg (N)

where the coefficient functions i, = py, (W), 00 = 0y, (W), and L, = L, (w;) are determined

in equilibrium. The dynamics of investor 1’s and investor 2’s level of consumption then follow

31See Epstein and Zin (1989) for the discrete-time setup and Duffie and Epstein (1992) for the extension

to continuous-time stochastic differential utility.



from Ito’s lemma:
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He, dt + 0cy dW,; + LC2 dN; ()\2) .
From Equation (I.1), we get
(I.4) Ei¢[dJis + fi (Cig, Jix) dt] = 0.

Following Campbell, Chacko, Rodriguez, and Viceira (2004) and Benzoni, Collin-Dufresne,

and Goldstein (2011), we employ the following guess for the individual value function J; ;:

o
L5 Jig = ——plelvie
( ) ’t 1 — f)/

where v;; = v;(w;) denotes investor i’s log wealth-consumption ratio. An application of Ito’s

lemma to v;; yields

8?& 1 82UZ‘ avi
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(L6)

Mo, dt + Oy, th + Lvi dNt ()\l) .



Plugging the guess from (I.5) into Equation (I.4) results in the following PDE for v; s

v 1 1 1
0 = i, ﬁ—l—(l—a) [uci—ayaa}—i—uw—l—iQUgi
1 _
(1.7) +(1—=7) o¢, 04, + 7 (14 Le)' ™7 €2 — 1] N

As pointed out in Section A of the main text, the two PDEs for v;; and vy, are connected

through p,, 0y, and L,,. Hence, they have to be solved simultaneously.

Following Duffie and Skiadas (1994), investor i’s pricing kernel &; ; at time ¢ is given as

_ _—BOt—(1-6) [te Vi ds (6—1)vis ~—7 Q0
Ey = e (1-0) [y e(0-1) 1O B

with dynamics
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+(1——> (14 Le)' ™7 e Fv — 1] /\Z} dt
)

—{yoc, + (1= 0) 0, } dW, + {(1 + L¢,) 7 €7D — 1} dN, (\) .

From this, we obtain the investor-specific market prices of risk 7;; as the exposures of the

pricing kernel to the different risk factors. For diffusion risks, this yields
(L.8) ny = voc, +(1-0) o,

The first term is the standard market price for individual consumption risk, which also results
in a CRRA economy, while the second term gives the additional market prices of risk for
the diffusive volatility of the log wealth-consumption ratio caused by the state variable w;.

Analogously, the individual market prices of jump risk 7]{’\@ are given as

(1.9) nYy = (1+Lg) 77 @D v — 1,



where the first term on the right-hand side is the product of the market price of consumption
jump risk with CRRA utility, (1 4+ L¢,)” 7, and an adjustment for jump risk in the individual

wealth-consumption ratios resulting from the state variable w;.

Finally, the subjective risk-free rate ’r{i . equals the negative of the expected relative

change of the pricing kernel, i.e.,

1 1 1 1
T{t - 5+EMCi_§(1+E) 70%&_5(1_0)05i_(1_9)06¢00i

(1.10) — [mN — (1 — %) (14 Le)' 7 e — 1] | A,

where the terms have the usual interpretation reflecting the impact of impatience, the individ-
ual consumption growth rate, and precautionary savings due to uncertainty about individual
consumption, about the evolution of the log wealth-consumption ratio, about its covariance

with individual consumption and, finally, the precautionary savings due to jump risk.

A. Equilibrium on the complete market

As explained in Section A of the main text, o, is found using the condition that

the investor’s subjective markets price of diffusion risk are equal, i.e., n}" = 1) yielding

1 1

o 0w = — g Ow- This holds true, if o, is equal to zero which implies that the investors

share no diffusive risks. The drift pu,, follows from the restriction that the investors have to

agree on the risk-free rate, i.e., that 7“{715 = rgyt:

pw = —0yoc+ 1w (1 —wy)
X {% <1 + %) v [og, —o08,] + % (1—=0) [o) — ol ]+(1—0) [oc, 00, — 0c, 00,

1 _
#i= (1-5) 10+ zar= e -

(I1.11) — [ng — (1 - %) [(1+ Le,)' ™7 Pl — 1}] /\2}.
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The jump size L, is found using the condition that the investor-specific risk-neutral jump

intensities are equal, i.e., A?t = )\g@t:

= [(0=1) (Lo =L )+ 32| _ 1

w% . 1_1wt o [(0=1) (Lo, L) 410 32]

(1.12) L, =

The equilibrium solution is then found by simultaneously solving the two PDEs in (1.7) for

v14 and vy, using the expressions for ji,,, oy, and L.

B. Equilibrium on the incomplete market

When the market is incomplete, we still have to solve the two PDEs in (I.7) simulta-
neously for the two investors’ log wealth-consumption ratios, vy, and vy, which are coupled
through ,,, 0,, and L,,. In contrast to the complete market, these coefficients of the con-
sumption share process cannot be obtained from the different components of the pricing
kernel since, when the market is incomplete, the individual pricing kernels will not coincide
anymore in general. But still the investors have to agree on the prices of the remaining traded
assets, i.e., on the log price-cash flow ratio of the consumption claim and the risk-free rate

paid by the money market account.

First, let v;; = v; (w;) denote investor i’s log price-cash flow ratio with dynamics:

. 8V’i,t 1 827/1‘775 2 al/M
dl/i’t = {a_l[)t My + § an Ow dt + awt Ow th + {7/2 (wt + Lw) — U (wt)} dNt <)\z)

t

=, dt + oy, dW; + Ly, N, (\;).

The sum of expected price change and cash flows have to be equal to zero, i.e.,

1 |:d (52‘7,5 Ct Gyi‘t)

—[E; +e it = 0,
dt ' §it Crevit ]



which yields the following PDEs for v;; (i = 1,2):

. 1
0 = e+ He; + pe + fy; + 5 012/1' + ¢, 0C + 0¢; Ou; +ocoy

(1.13) +[(1+ Le) (14 Le,) ™" @D v elvi — 1] A,

The investors have to agree on the price of the consumption claim, vy ; = 12+ = 14, so that
v, has to solve the two PDEs in Equation (I.13) for ¢ = 1,2. Second, the investors also have

to agree on the risk-free rate, i.e., r{,t = r{t — !, where 7{ . is given in Equation (I1.10).

While all exposures are obtainable for each investor on the complete market, the in-
vestors can only take positions which are obtainable by positions in the remaining traded
assets, i.e., in the consumption claim and in the money market account, when the market is
incomplete. Therefore, investor ¢ constructs her financing portfolio out of the corresponding

portfolio weights m; ¢¢ and 7; a7, in such a way that its return Rgt with dynamics

11 dplg —v; f
dRi,t = TiCcpt PC + e Ut dt + T Mt Tt dt
it

1 ,
= {Wi,c,t [[LC + Xi + oy, + B a,i_ +op0, + €_Vl’t:| + T Mt r{} dt

+ {Wi,C,t (O'c + O'Vi)} th + {Ti,C,t (eLUi — 1)} dNt ()\z)

equals the total return Rl‘-’/t (including consumption) on her individual wealth, V;, = C; , e+,

which has dynamics

AVie .,
dRY, = Vi’:+e o dt

1 .
= {N’Ci + o + 5 O'i + 00, 0v + evl’t} dt + {UCE + Uw} dW

+{(1+ L¢,) " —1} dN, (N;)

(1.14)

(nv, +e%) dt + oy, dW, + Ly, dN; (\;) .



Since individual wealth and financing portfolio have to have the same exposures to diffusive

shocks and the jump component, respectively, the following conditions have to hold:

(Il5> oc; + Oy, = TyCt (UC + 0-1/2‘> )

(1.16) (1+Le) €™ =1 = mey [(1+ Lo) e —1].

The equilibrium solution on the incomplete market is then found by simultaneously
solving the following seven equations: the two PDEs for the individual log wealth-consumption
ratios represented by Equation (I.7) for ¢ = 1,2, the two PDEs for the individual log price-
dividend ratios of the claim on aggregate consumption given in (I1.13) for ¢ = 1,2, the
equation obtained through the restriction that the individual risk-free rates given in (1.10)

are the same, and the two equations for the portfolio weights (1.15) and (I1.16).

We solve those seven equations for the following seven variables of interest: the two in-
dividual log wealth-consumption ratios vy ; and v, the log price-dividend ratio of the traded
consumption claim 4, the drift u,,, the volatility o,,, and the jump size L,, of the consump-
tion share process, as well as the portfolio weight for the claim on aggregate consumption
m1,0¢. The portfolio weight for investor 2 is determined via the market clearing condition
1,0t Crp et + 1y o Cop et = Cpe®, and the weight of the money market account is given

by T3, M.t =1- T3.Ct

I1. Further results from quantitative analysis

A. Investor survival

Figure I1.1 shows the kernel density estimates of the pessimist’s consumption share
on the complete and incomplete market following from a Monte Carlo simulation of the

pessimist’s consumption share over a period of 100, 500, 1,000, and 10,000 years.



Next, we present the results for each of the channels resulting from the Borovicka (2018)
decomposition in Equation (3). The savings channel, the speculative volatility channel, the
speculative jump channel, and the “risk premium” channel are shown in Figure I1.2 to II.5.
As explained in the main text, we see barely any differences between the complete and the

incomplete market.

B. Varying the true jump intensity

Table I1.1 provides the aggregate asset pricing moments from the Monte Carlo simula-
tion for T' = 1,000 years when we vary the true jump intensity A. Since we have already seen
that the evolution of the consumption share is barely affected by market incompleteness, it
comes as no surprise that the differences between the two market structures with respect to

the risk-free rate, the risk premium, and the return volatility are fairly small, too.

C. Reducing the jump size

Figure I1.6 illustrates the impact of reducing the jump size (in absolute terms) in a
ceteris paribus analysis from Lo = —0.40 to Le = —0.20. This has three effects. First,
there is less speculation on the complete market, so that L,, drops compared to the case of
Le = —0.40. Second, choosing a less negative Lo makes jump risk less and diffusion risk more
important in relative terms. Hence, when the market is incomplete, the consumption claim
resembles less an insurance product against jump risk. So on the incomplete market, L,, is
lower for Lo = —0.20 than for Lo = —0.40. Third, since market incompleteness matters
more, the difference between the complete and the incomplete market becomes larger for

Lo = —0.20.



D. Varying the individual beliefs

In Figures I1.7 to 11.12 we provide the consumption share dynamics, the portfolio
weights, and the Borovicka (2018) decomposition for two cases in which we vary the beliefs
relative to our benchmark parametrization, i.e., Ay = 0.017, Ay = 0.001, and A = 0.017. As

a measure of disagreement, we use A = %

First, we reduce \; to 0.012, while keeping A\ and A unchanged. The results are shown
in Figures I1.7 to I1.9. Less disagreement (A drops from 0.94 to 0.65) leads to less specula-
tion, and less extreme portfolio positions for both investors. For instance, on the incomplete
market, the pessimist no longer takes a short position in the consumption claim. Based on
the Borovicka (2018) decomposition, the implications for investor survival are qualitative

similar as for our benchmark case with A; = 0.017.

Next, we proceed in a similar fashion by increasing Ay to 0.06, while keeping A; and
A unchanged, as shown in Figures I1.10 to I[.12. This case leads to the same disagreement
(A = 0.65), but there is significantly less speculation on the complete and on the incomplete
market which is also supported by the portfolio weights. In terms of investor survival, both

market structures now lead to virtually identical results.

Overall, adjusting the jump intensity of the optimist whose beliefs are further away
from the true model seems to have a larger impact on speculation and the investors’ portfolio
strategies, while changing the beliefs of the pessimist whose beliefs are close to the true jump

intensity appears to have a smaller effect.
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Figure II.2. Savings channel and consumption-wealth ratios in model (1)

The figure shows for the model with jumps in aggregate consumption presented in Section II,
the individual wealth-consumption ratios, e”%t for ¢+ = 1,2, and the resulting savings channel,
(e7"2t —e71t) as defined in Equation (3). The dotted (dashed) line shows the pessimist’s (opti-
mist’s) individual consumption-wealth ratio, whereas the solid line indicates the savings channel.
The graphs on the left (right) show the results for the complete (incomplete) market. All quanti-
ties are determined under the true measure A = 0.017 and shown as functions of the pessimist’s
consumption share w;. The parameters are given in Table 1.
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Figure I1.3. Speculative volatility channel and exposures of individual wealth to
diffusive risks in model (1)

The figure depicts for the model with jumps in aggregate consumption presented in Section II,
(from left to right) each investor’s exposure of individual wealth to diffusive consumption shocks
(o, ¢ for i = 1,2) and the resulting speculative volatility channel, %
Equation (3). The dotted (dashed) line represents the results for the pessimist (optimist), whereas

the solid line indicates the speculative volatility channel. The top (bottom) row refers to the com-

/ 1 :
oY, OV, — 5 O, 0v; as defined in

plete (incomplete) market. All quantities are determined under the true measure A = 0.017 and
shown as functions of the pessimist’s consumption share w;. The parameters are given in Table 1.
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Figure I1.4. Speculative jump channel and exposures of individual wealth to jump
risk in model (1)

The figure depicts for the model with jumps in aggregate consumption presented in Section II,
(from left to right) each investor’s exposure of individual wealth to jumps in the long-run growth
rate (Ly, for ¢ = 1,2), as given in Equation (I.14), and the resulting speculative jump channel,
(log (14 Ly,) A —log (1 + Ly,) A), as defined in Equation (3). The dotted (dashed) line represents
results for the pessimist (optimist), whereas the solid line gives those for the speculative jump
channel. The top (bottom) row refers to the complete (incomplete) market. All quantities are
determined under the true measure A = 0.017 and shown as functions of the pessimist’s consumption
share w;. The parameters are given in Table 1.
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Model (2): Long-run risk model with jumps in the long-run growth

rate

I11. Solving for the equilibrium

As in model (1), we consider two investors with identical recursive preferences. Hence,
the investor’s individual value function and her normalized aggregator function are those

given in Equations (I.1) and (I.2).

The dynamics of investor 1’s and investor 2’s level of consumption follow from Ito’s

lemma:
dC' 1 1
L= {ﬂC—FXt‘i‘—,Uw—F—OiUUc} dt
Cl,t Wy Wy
1 ' 1
+q 00+ — 0Oy th+ _Lw dNt ()\1)
Wy Wy
(111.1) = pey dt + ol AW, + Lo, dN; (Ay)
dCh i 1 1
LA X, — = dt
o {Mc+ t 1_wtﬂ 1=, Uch}
1 ' 1
+ oc — Ow th ‘I— — Lw dNt ()\2)
1-— Wy 1-— Wy
(111.2) = pioy dt + ap, AW, + Lo, AN, (Ay) .

The dynamics of investor i’s log wealth-consumption ratio v;; = v; (w, X;) are given as

8v-t 1 82U't 81}-,5 1 82'(}'t 82/0‘15
d Z — 1, w - 1, / w — , X - 1, / 7, / dt
Vit {8wt“ T3 Bz T T gx, XA T g gz TX X G ax, Tw X

8vi 8vi !
+ {8_11; Ow -+ a—)(’: O'X} th + {Ui (wt + Lw, Xt + LX) — U; (U}t,Xt)} dNt <)\z>

= i, dt + o), AW, + L, dN; (\,)

Following the steps outlined in Online Appendix II.A leads to the same PDE for v;,; as in

Equation (I.7). The dynamics of investor ¢’s pricing kernel &;; are also the same as those
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derived in Section II.A, so that the investor-specific market prices of diffusion risk 77% , the
market prices of jump risk 7]%, and the subjective risk-free rate er, . have the same form as

shown in Equations (I1.8) to (I.10).

A. Equilibrium on the complete market

As explained in Section A in the main text, we have to determine the coefficients p,,,,
0w, and L,, of the consumption share process (7). The volatility o, is obtained by equating

the investors’ subjective market prices of diffusion risk, i.e., through the condition nm = n%:

wy (1—w;) (1—6) [‘%w _ avu]

(IIL3) o = e ]
v+ Wy (1 - wt) (1 - 9) [aq;l): - aii;t]

[y follows from equating both investors’ risk-free rates and coincides with Equation (I.11). L,,
is determined by equating the risk-neutral jump intensities )\% =\ (1 + 77%) fori=1,2so
that Equation (I.12) remains unchanged. Note that ji,, 0., and L,, are essentially functions
of vy, and vy, and, thus, capture the connection between the two individual log wealth-
consumption ratios. Finally, the equilibrium is determined numerically by simultaneously
solving the two PDEs in (I.7) for v;; and v, using the above equations for p,, o, and

Lw'35

B. Equilibrium on the incomplete market

On the incomplete market, the investors have to agree on the prices of the traded assets,
i.e., on the log price-cash flow ratio of the consumption claim and the risk-free rate paid by

the money market account. First, let v;; = v; (wy, X;) denote investor 4’s log price-cash flow

35In Online Appendix IV, we explain the pricing of the insurance products and how to determine the
portfolio weights. The numerical implementation of the complete market equilibrium is discussed in Online

Appendix V.A.
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ratio of the consumption claim. It follows:

dl/@t =

81/“ i 1 82Vi,t , ({?Vm i 1 827/2',1‘, ’ i 827/2',1‘, ’ dt
w+ = Oy Ow — S v 0xO A3 av w0
aw, " T2 w2 T X, 2 ox? "X X T Gy ax, (X

8wt o 8Xt
My, dt -+ Oy, th -+ LVi dNt ()\,L> .

ov; ov; !
+{ Vi o V’tUX} AW, + {s (100 + L, Xo+ Lc) — s (10, X)) ANy (A

Furthermore, v;; solves the PDE

| 1
0 = €™ pig, + po + pin, + 5 0, 0, + 05 00 + 0, 0u + 0G0,

(111.4) +[(1+ Le,) ™7 P70 el — 1] A,

Since the investors have to agree on the price of the consumption claim, vy ; = 15, = 14 has
to solve the two PDEs represented by Equation (II1.4) for ¢ = 1,2. Second, the investors
have to agree on the price of the money market account and, thus, on the risk-free rate, i.e.,

r{,t = rg,t — r{ where 7{7 . is given in Equation (I1.10).

As in Section I.B, investor ¢ constructs her financing portfolio in such a way that
its return coincides with the return on her individual wealth. The return on the financing
portfolio R}, and the return on wealth R}, follow the dynamics

dRirft = {mc,t [,uc + by, + %U'VZ_ oy, +0p0, + e_””} + T th} dt
+{mict (oc+0,)}Y dWy+ {mics [(1+ Le) e — 1]} dN; (N)
dR}, = { e, + o, + % 0, Ov, + 0, 0y, + e”ﬁvf} dt
+{oc, + 0u,} AW+ {(1+ L¢,) e — 1} dNy (N;).

Since Rgt and R}/’t have to have equal exposures to the diffusion and the jump component,
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respectively, the following conditions hold for each investor:

(I1L.5) occtounc = o (0t 0u0),
(1116) 0c;, X + Ov;, X = TiCtO0vy;, X,
(I1L.7) (1+Lg) e —1 = mey (e —1),

where 0. ¢ and 0. x refer to the first and second component of the respective volatility vector.

The equilibrium solution on the incomplete market is found by simultaneously solving
the following eight equations: the two PDEs for the individual log wealth-consumption ratios
represented by Equation (I.7) for i = 1,2, the two PDEs for the individual log price-cash
flow ratios of the claim on aggregate consumption given in (I11.4) for ¢ = 1,2, the equation
obtained through the restriction that the individual risk-free rates given in (I.10) are equal,

and the three equations (II1.5) to (II1.7) for the portfolio weights.®

We solve those eight equations for the following eight variables: the two individual log
wealth-consumption ratios v; ; and vq 4, the log price-dividend ratio of the traded consumption
claim vy, the drift p,,, the two elements of the volatility vector o,,, and the jump size L,, of the
consumption share process, and the portfolio weight for the claim on aggregate consumption
m1,0¢. The portfolio weight for investor 2 is determined via the market clearing condition
1,0t Crp et + 1y o Cop et = Cpe®, and the weight of the money market account is given

by T3, M.t =1- T.Ct

36The numerical implementation of the incomplete market equilibrium is discussed in detail in Online

Appendix V.B.
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IV. Insurance products and portfolio weights on the complete mar-

ket

To find the agents’ portfolio weights one has to set the dynamics of the individual
wealth component by component equal to the dynamics of a portfolio containing the set of
tradable assets, i.e., wealth changes and changes in the value of the portfolio have to have
identical exposures to each risk factor. In the complete market case, the tradable assets are
the claim on aggregate consumption, the money market account, and the insurance products

linked to jump and diffusive risks in X;, respectively.

Next, we specify the payoffs of the insurance products. To trade the diffusive risk WX,

the agents use a claim labeled Z; with cash flow dynamics

dz.
—L = pydt+ ol dW,,
Z
where the drift pz and the volatility o, = (0,0.) are exogenous constants. Let (;; =

i (wy, X;) denote the log price-to-cash-flow ratio of this asset from investor i’s perspective.
Analogously to Equations (1.6) and (I.7), the dynamics of the log price-to-cash-flow ratio ¢;;

of the insurance asset Z; are

/’iXXt‘i_

o¢; 1 02%¢; , a¢;
dCi’t — { C,t C,t C,t

19°Gy PG
w S A 9 w . — dt
w1 T2 w707 T By, Tw OX

2 ox2 XX T 50X,

81’ 02 !
+ { ai}: ow + Gg(: Jx} dW; 4+ {¢G (wy + Ly, Xy + Lx) — G (wy, Xi)} dN; ()

(IV.1) = pg dt +op, dW, + L¢, dNy (Ni)
and ¢;; solves the PDE

_ 1
0 - e_Cm + lufz‘ + :uZ + :uCi + 5 O'éi JCZ’ + 0-21' 0z + O-éi UCi + O/Z UCi

—+ [(1 —+ Lci)i’y 6(9_1)L“i eLCi — 1} )\,
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Since the investors agree on the price of this instrument, ¢;; = (24 = ;.

Analogously, the payoff from the jump-linked instrument is denoted by I, and evolves

as

dl

T = ,u]dt—l—L]dNt (/\Z),
t

where the coefficients p; and L; are given exogenously. The insurance product I; has a

price-to-cash flow ratio denoted by w;; = w; (w:, X;) with dynamics

8wl~ t 1 8273'1‘ t 8@1 t 1 a2wl‘ t 82wl‘ t
dw;y = — M + 5 =0y, O — : ——’Jg(ax—i——’a/ ox ¢ dt
’ (9wt 2 3wf v 8Xt 2 8Xt? 3wt aXt v

Ow; Ow; '
+ Wit O'w—|- Wit ox th+{wZ (wt+Lw,Xt+Lx) — W; (wt,Xt)} dNt ()\z)
(9U)t 8Xt

(IV2)= i, dt + 0l dW; + Lo, dN; (A,)

Finally, w; solves the PDE

/

, 1
0 = e ™'+ Mg, + I+ oy T 5 O, Ow; + Uéi Ow;

+[(1+ Lp) (1 + Lg,) 77 @D v b= — 1] A,

As for Z;, the investors must agree on the price of I;, i.e., wy; = wa = w;.

The aggregate log wealth-consumption ratio v; = log (w; e’ + (1 — wy) €”>t) has dy-

namics
8vt 1 32vt 3vt 1 821)15 32vt
do, = 4% e+ =2 g U X 2 S G0 dt
v {(9th T w2 T T ax, M T gxz OX X T gy ax, Tw X
f oo, 00, /dW+{v(w 4 Lo, X, + L) — v (wy, X,)} dN, (\)
awt w aXt X t t wH t X ty t t 7
(IV.3) = pudt+ ol dW, + Ly dN; (\) .

Investor i’s total wealth V;; is equal to the value of her holdings (in units) Q;c¢, Qi
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Qi zt, and @Q; 1+ in the consumption claim, the money market account, and the two insurance
products with prices P¢, PM, PZ, and P!, respectively. Let II;; denote the value of this
portfolio. With m; ¢4, 7 ame ™2+ and 7; 1+ denoting the relative share of investor ¢’s wealth

invested in the four assets, the total return ngt on her portfolio can be represented as

dPt¢ dP? dP}
dRY, = mc, ( P;; +e v dt) + Tiarg Tl At + gy ( P; +e ¢ dt) + T (P—} + e ™ dt)
t t t

1
= {71'1‘70775 <I[LC + Xt + oy + 5 O',:) Oy + OJC Oy + 6_'Ut) + T3, Mt 'I"g’lt

1
+i 24 (MZ + e + 5 OO0+ 0y 0+ e_Ct)

1, o
+re | 1 + po + 3 00+ e dt
+ {ﬂ'i,c,t (UC + Uv) + izt (UZ + 0'() + g O’w}/ dW,

+{mice (" = 1) +mize (" = 1) +mre [(1+Ly) "= — 1]} dN; (\).

The portfolio shares are determined by the condition that investor i’s wealth and her financ-
ing portfolio react in the same way to the shocks in the model. With respect to diffusive

shocks the condition is thus
(IV.4) oo, + 0y, = mict (0c+0y) ¥ iz (07 +0¢) +Tirt 0w,

where the diffusion coefficients for investor i’s wealth on the left-hand side were derived in

(L14).

Look at m; . From Equations (III.1), (II1.2), and (II.3) we see that the first com-
ponent of the vector o¢, is equal to o, since the first component of o,, (a multiple of ox)
equals zero. Equation (1.6), furthermore, shows that o,, is a multiple of ox, so that its first
component is also zero. Overall, the first component of the vector o¢, + 0, is, thus, equal to

o.. The same is true for the volatility vectors of investor ¢’s portfolio, as can be seen from

the definitions of o¢ and oz and from Equations (IV.1), (IV.2), and (IV.3). Taken together,
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this implies m; ¢ = 1 for i = 1,2. So both agents invest 100% of their respective wealth into
the claim on aggregate consumption, implying that the positions in the other three assets

add up to zero in value for each agent individually.

izt and m; 14 follow from equating the reactions of wealth and the financing portfolio
to diffusive shocks WX and jumps N;. This gives two conditions, where the first one refers
to the second components of the vectors o¢, + 0y, and (o¢ + 0y,) + izt (07 + 0¢) +Ti 14 O,
respectively. The second one is obtained by matching the terms in front of dN; in the total

return on wealth and on the financing portfolio, using m; ¢; = 1. This implies

!

(IV.5) (1+ Le,) e =1 = [ef = 1] +m 54 [e" = 1] +misy [(14 Lp) "= —1].

The resulting two equations can then be solved numerically for m; 7, and ; ;. The portfolio
weights for the other investor are found via the aggregate supply condition for the insurance
products, which says that their total value in the economy equals zero, i.e., m 2 Vi +
7ozt Vor = 0 and 7y 14 Vit + 7o 14 Vo, = 0. Finally, investor ¢’s position in the money market

account is

(IV.6) Tty = —(Tize + Tire)-

V. Numerical Implementation

We now describe how we implemented the model in MATLAB, using the corresponding tool-
box provided by the Numerical Algorithms Group (NAG). We solve the model numerically
on a two-dimensional grid for the pessimist’s consumption share w; and the long-run growth

rate X;. For w;, we use 41 points over the interval (0, 1), while there are 39 points over the
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interval [—0.1560, 0.1440] for X;. The vectors of grid points are given as follows:

2s—1 1
[wy, ..., wy] = {cos (%) + 1} 3
2t —1 0.1440 + 0.1560
[Xl, ce >X39] = |:COS (%) + 1:| —; — 01560,

with s = [41,40,39,...,2,1] and ¢ = [39,38,37,...,2,1].

Table V.1 shows that the interval we will use for the long-run growth rate X; in our
numerical implementation, [—0.1560, 0.1440], is actually larger than an interval ranging from
the 0.0001% to the 99.9999% quantile of the long-run distribution of X,;. Widening this

interval has no impact on the results.

Table V.1. Quantiles for the long-run growth rate X; in model (2)

The table shows for the long-run risk model with jumps in the long-run growth rate presented in
Section III, the quantiles of the long-run growth rate X; determined by a Monte Carlo simulation.
We simulate the X; process daily and take the end of the month values over 10,000 paths of length
1,000 years each under the true measure A = 0.02. The parameters are given in Table 4.

Quantiles X
0.0001% -0.1526
0.0010% -0.1342
0.0100% -0.1151
0.1000% -0.0948
1.0000% -0.0714

10.0000% -0.0409

50.0000% -0.0056

90.0000% 0.0285

99.0000% 0.0559

99.9000% 0.0760

99.9900% 0.0922

99.9990% 0.1061

99.9999% 0.1185
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A. Complete Market

To obtain boundary conditions for the PDE in Equation (1.7), we study the limiting cases
wy — 0 and w; — 1. In either case, we have one very large and one very small investor.
Motivated by Borovicka (2018), we assume that the large investor sets prices and risk premia,
while the small one takes these quantities as exogenous.

When w; is very close to zero, we are basically in a one-investor economy, so that

1
1—we

o 1_;% Owt, and L, are zero as well. In this case, the PDE (L1.7) for the log wealth-
consumption ratio of the large investor 2, using the Equations (IIL.1), (II1.2), and (1.6),

simplifies to

. 1 B 1 vy 1 0%vyy
0 = 2, 5+<1_E> |:MC+Xt_§’VO'/CO'C X, kx Xi + Qa—thU/XUX

1 (%gt 2 ant 1 -
) , / 1— / 0 [va(wi+ Lo t,Xt)—va2(we, Xe)] _ 1] A\o.
+2 <0Xt) oy ox +( v) 8Xt 0o 0x —1—0 [e } 2

To solve the above PDE numerically, we use the wealth-consumption ratio in a one-investor

economy without a state variable as our starting value, i.e., vo; = — log [5 — (1 — i) (ﬂc — % You ac)] :

For the small investor, the fact that 1 — w; is very close to one implies (based on

Equations (II1.3), (I.11), and (I.12)) in the limit as w; tends to 0 that

1 1 1
— fwy = O {5 (1 + E) v [a’cl oc, — 0g, JCQ] + 5 (1-0) [a{,l Oy — O, avz}

+(1-9) [0’01 To, — 00, 0'1,2}
1

+ |:e(0—1) [v1(we, X¢+Lx)—v1 (we, Xe)] 1— (1 . _) [60 w1 (we, X¢+Lx)—v1(we, X¢)] 1}:| /\1
0

_ |:6(9_1) o (we, X+ Lx)—vo(we,Xe)] 1 — (1 o %) [69 [v2(we, X+ Lx)—va(we, Xe)] _ 1]:| )\2} ,

1 1 (91)2,5 81}1,5
— - —(1-— t_ 7Lt
wy ~ (1-0) (8Xt 8Xt> ox;

and that vy (wg, Xy + Lx) — v (wy, Xy) = ve (wy, Xy + Lx) — v (wy, Xy) — 9%1 In <)\—1> Thus,
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the PDE becomes

1 1 1 1 ov
0 = e™ =0+ (1 - E) {MC + Xt + E#w,t 57 (U/C oc — w2 O-vl,u,t Uw,t):| — = rx X,
t

1 821]1 t 1 (%1 t 2 5’1}2 t 1 !
= ’ -0 : ! 1— : — Oy
+% |:€9 [vg(wt-i—Lw,t,Xt)—vQ(wt,Xt)—ﬁ ln(%)] . 1:| )\2.
Again, we rely on v1; = —log [6 — (1 — i) [ﬂc — %’}/O'/C 00]] as our starting value for

the numerical solution. The maximum errors in the solutions of the investor-specific partial

differential equations (I1.7) are always less than 107°.

B. Incomplete Market

On an incomplete market, we also need starting values for the optimization problem
described in Online Appendix III.B. In addition to the complete market solution, we use
V= %Ul + %Ug and ch =1 for w < 0.5 or 7T2C =1 for w < 0.5, respectively. The maximum
errors in the solutions for the investor-specific PDEs (I1.7) and (II1.4), the conditions for
T{,t = r{t and for the portfolio weights in Equations (IIL1.5) to (II.7) are always smaller than
10713,

VI. Further results from quantitative analysis

A. Wealth-consumption ratios

Figure VI.1 shows the wealth-consumption ratios, which are part of the equilibrium
solution on the complete and on the incomplete market. The left column plots these as
function of the pessimist’s consumption share w; and on the right as function the long-run

growth rate X;. While it might be okay to assume that the wealth-consumption ratio is an
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exponentially affine function the exogenous state variable X;, adopting this assumption for
the endogenous state variable w, would be invalid. Therefore, we have to solve the model

numerically, as highlighted in Section A in the main text.

B. Investor survival

Figure VI.2 depicts the kernel density estimates of the pessimist’s consumption share on
the complete and the incomplete market following a Monte Carlo simulation of the pessimist’s

consumption share over a period of 100, 500, 1,000, and 10,000 years.

C. Varying the true jump intensity

Table VI.1 provides the aggregate asset pricing moments for the Monte Carlo simulation
for T' = 1,000 years when we vary the true jump intensity A. The risk-free rate is consistently
higher on the incomplete market, while we find the opposite for the risk premium. For the
return volatility, there are mostly no substantial differences between the two economies,

however, in three cases it is slightly higher on the complete market.

To understand these results, take a look at Figure 14 in the main text which shows all
three quantities under the true measure with A = 0.02. The plots for the other values of the
true jump intensities would look qualitatively similar. According to Table 6 in the main text,
the pessimist dies out quite fast on the incomplete market, so that for all three asset pricing
moments the incomplete market result is around w; ~ 0, while the corresponding point for
the complete market varies between 0.08 and 0.87. The risk-free rate is a decreasing function
of wy, so it has to be higher on the incomplete market. Since the equity premium is an
increasing function of wy, it is higher when the market is complete. For the return volatility,
the results for the two markets are quite similar, so that they coincide in most of the cases

we look at. As emphasized in Section III.B.4 in the main text, the differences between the
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results for the two market structures are fairly small. Hence, it seems difficult to conclude

that market incompleteness matters with respect to aggregate asset pricing moments.

D. Varying the individual beliefs

In Figures VI.3 to VI.8, we provide the consumption share dynamics, the portfolio
weights, and the Borovicka (2018) decomposition for two cases in which we vary the beliefs
relative to our benchmark parametrization, i.e., A\; = 0.020, Ay = 0.001, and A = 0.020. As

a measure of disagreement, we use A = @

First, we decrease A\; to 0.015, while keeping Ay and A unchanged. The results are
shown in Figures VI.3 to VL.5. As for model (1), we observe less disagreement (A drops from
0.95 to 0.70) which leads to less speculation, and less extreme portfolio positions for both
investors on both markets. The implications for survival seem qualitatively similar as for our

benchmark case.

In Figures VI.6 to V1.8, we increase A\, to 0.06 and find a substantial drop in speculation
as well as more conservative portfolio strategies for both investors on the complete and on
the incomplete market, although the disagreement is the same as in the first case (A = 0.70).
When it comes to investor survival, the difference between both market structures persists,

similar to the benchmark case.

Overall, adjusting the jump intensity of the optimist whose beliefs are further away
from the true model seems to have a larger impact on speculation and the investors’ portfolio
strategies, while changing the beliefs of the pessimist whose beliefs are close to the true jump

intensity appears to have a smaller effect.
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Figure VI.1. Wealth-consumption ratios in model (2)

The figure shows for the long-run risk model with jumps in the long-run growth rate presented in
Section III, the individual wealth-consumption ratios, et for ¢ = 1,2, and the aggregate wealth-
consumption ratio, €"* = wy eVt + (1 — wy) €2t The solid line represents the aggregate, the dotted
(dashed) line the pessimist’s (optimist’s) wealth-consumption ratio. In the top (bottom) row, the
graphs depict the results for the complete (incomplete) market. All quantities are shown in the
left column as functions of the pessimist’s consumption share w; with the stochastic part of the
expected growth rate of consumption fixed at X; = —0.0060 and in the right column as functions
of the long-run growth rate X; for wy = 0.5. The parameters are given in Table 4.

Complete market Complete market

45 T 77

---------- Pessimist
= = =Optimist
—— Aggregate ‘

---------- Pessimist
= = = Optimist
—— Aggregate

25 . . . . 25 L . .
0 0.2 0.4 0.6 0.8 -0.15 -0.05 0.05 0.15
Pessimist’s consumption share (w) Long-run growth rate (X)
Incomplete market Incomplete market
45 T T T T 45 T v
25 L L L L 25 L L
0 0.2 0.4 0.6 0.8 -0.15 -0.05 0.05 0.15

Pessimist’s consumption share (w)
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