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Problems

1. Find the symmetric matrix of the following quadratic forms:

a) O(x,y) = x> + 2xy +y?
b) O(x,y) = ax* + bxy +cy?
¢) O(x,y,2) = 3x* — 2xy + 3xz +2y* + 327

2. Find the symmetric matrix and determine the definiteness of the following
quadratic forms:

a) O(x) = x3 + 3x3 + 5x3
b) Q(x) = x + 2x1x2 + 3x3 + 5x3

3. Compute all leading principal minors and all principal minors of the following

matrices:
-3 4 -3 4
a) A_<4 _5> b) A_<4 _6)

In each case, write down the corresponding quadratic form Q(x,y) = x” Ax, and
determine its definiteness. Use this to classify the stationary point (x,y) = (0,0) of
the quadratic form.

4. Compute all leading principal minors and all principal minors of the matrix

120
A=|245
056

Write down the corresponding quadratic form Q(x,y,z) = x’ Ax, and determine
its definiteness. Use this to classify the stationary point (x,y,z) = (0,0,0) of the
quadratic form.

5. For which values of the parameters a, b, c is the symmetric matrix

()

positive (semi)definite and negative (semi)definite?

6. Determine the definiteness of the following constrained quadratic forms using
bordered Hessians:

a) Q(x,y) = x*> +2xy — y* subject to x+y =0

b) O(x) = x% —l—x% —x% +4x1x3 — 2x1x subjectto x; +x2 +x3 =0, x; +x —x3 =0
7. Determine the definiteness of the following constrained quadratic forms without

using bordered Hessians:

a) Q(x,y) = x*> +2xy — y* subject to x+y =0
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b) O(x1,x2,x3) = x% +x§ —x% +4x1x3 — 2x1x; subject to x| +x +x3 = 0 and x| +
xp—x3=0

8. Midterm in GRA6035 24/09/2010, Problem 6
Consider the quadratic form

O(x1,x) = x% —4x1xp +4x%

Which statement is true?

a) Q is positive semidefinite but not positive definite
b) QO is negative semidefinite but not negative definite
¢) Q is indefinite

d) Q is positive definite

e) I prefer not to answer.

9. Mock Midterm in GRA6035 09/2010, Problem 6
Consider the function

fx1,x0,x3) = x% +6x1x0 + 3x§ +2x§

Which statement is true?

a) f is not a quadratic form

b) f is a positive definite quadratic form
¢) f is an indefinite quadratic form

d) f is a negative definite quadratic form
e) I prefer not to answer.

10. Midterm in GRA6035 24/05/2011, Problem 6
Consider the quadratic form

Q(x1,x2) = —2x3 + 12x1x2 + 223

Which statement is true?

a) Q is positive semidefinite but not positive definite
b) QO is negative semidefinite but not negative definite
¢) Q is indefinite

d) Q is positive definite

e) I prefer not to answer.






Solutions

[I] The symmetric matrices are given by

da(l) ma(@) o ee(33Y

[2] The symmetric matrices are given by

100 110
a) A=1030 b) A=|130
005 005

In a) the eigenvalues A = 1,3, 5 are all positive, so the quadratic form Q and the ma-
trix A are positive definite. In b), we compute the eigenvalues using the characteristic
equation
I-4 1 0
1 3-2 0 [=(5-1)(A%—4A+2)=0
0 0 5-2

and get A =5 and A = 24 +/2. Since all eigenvalues are positive, the quadratic form
0 and the matrix A are positive definite. Another way to determine the definiteness
is to compute the leading principal minors D = 1, D, =2, and D3 = 10.

B] In a) the leading principal minors are D; = —3 and D, = —1, and the principal mi-
nors are A; = —3,—5 and A, = —1. From the leading principal minors, we see that
A is indefinite, and this means that (x,y) = (0,0) is a saddle point for the quadratic
form. In b) the leading principal minors are D; = —3 and D, = 2, and the principal
minors are A} = —3, —6 and A, = 2. From the leading principal minors, we see that
A is negative definite, and this means that (x,y) = (0,0) is a global maximum for
the quadratic form.

M] The leading principal minors and principal minors of the matrix

120
A=1245
056

are given by
Dy =1,D,=0,D3=|A| =1(24—25)—2(12) = -25

and
A =1,4,6, Ap =0,6,—1, A3 = —25
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The quadratic form of A is given by Q(x,,z) = x> + 4xy + 4y*> + 10yz + 6z%. Since
there is a principal minor A = —1 of order two that is negative, the quadratic form
is indefinite, and the stationary point (x,y,z) = (0,0,0) is a saddle point.

The leading principal minors are given by D; = a, D, = ac — b? and the principal
minors are given by A; = a,¢, Ay = ac — b*. Hence we have that
positive definite < a > 0,ac —b* >0
negative definite < a < 0,ac —b* > 0
positive semidefinite < a > 0,¢ > 0,ac — b >0
negative semidefinite < a < 0,¢ < 0,ac — »*>0

[§] In a) we have n =2 and m = 1, so n —m = 1. We consider the determinant of the

bordered Hessian
01 1

111 |=—1(=2)+1(0)=2
11-1

Since it has the same sign as (—1)" = (—1)? = 1, we see that the constrained
quadratic form is negative definite. In b) we have n =3 and m =2, son—m = 1.
We consider the determinant of the bordered Hessian

00 1 1 1 (00 I 1 1

00 1 1 -1 |00 0 0 -2 (1)(1)}_11

L1 =1 2)=1 1 1 -12|=2) o |=2(-1)(-2)4) =16
L1 -11 0] |00 -22-2 |70 "%

1-12 0 -1 021 1 -3

Since it has the same sign as (—1)" = (—1)? = 1, we see that the constrained
quadratic form is positive definite.

[7] In a) we solve the constraint and get y = —x. Substitution in the quadratic form
gives Q(x,y) = x> + 2xy — y?> = —2x?, which is negative definite. Therefore, the
constrained quadratic form in a) is negative definite. In b) we solve the constraint
using Gaussian elimination and get one free variable x, and solution x; = —x; and
x3 =0. Substitution in the quadratic form gives Q(x;,x,x3) = x% +x% —x% +4x1x3 —
2xX1Xy = 4x§, which is positive definite. Therefore, the constrained quadratic form in
b) is positive definite.

Midterm in GRA6035 24/09/2010, Problem 6
The symmetric matrix associated with Q is

1= (57)
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We compute its eigenvalues to be 0 and 5. Hence the correct answer is alternative
A. This question can also be answered using the fact that the principal minors are
1,4 (of order one) and 0 (of order two), or the fact that Q(x1,x) = (x1 — 2x2).

[ Mock Midterm in GRA6035 09/2010, Problem 6
Since all terms of f have degree two, it is a quadratic form, and its symmetric matrix

18
130

A=1330
002

The characteristic equation of A is (A2 —4A —6)(2— 1) = 0, and the eigenvalues
are A =2 and A = 2 ++/10. Hence the correct answer is alternative C. This problem
can also be solved using the principal leading minors, which are D; =1, D, = —6
and D3 = —12.

0] Midterm in GRA6035 24/05/2011, Problem 6
The symmetric matrix associated with Q is

-26
=(3)
We compute its eigenvalues to be £+/40. Hence the correct answer is alternative

C. This problem can also be solved using the principal leading minors, which are
D] = —2and Dz = —40.



