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Problems

1. Find the general solutions

a) ẍ− x = e−t

b) 3ẍ−30ẋ+75x = 2t +1

2. Solve

a) ẍ+2ẋ+ x = t2, x(0) = 0, ẋ(0) = 1
b) ẍ+4x = 4t +1, x(π

2 ) = 0, ẋ(π

2 ) = 0

3. Find the general solutions of the following equations for t > 0:

a) t2ẍ+5tẋ+3x = 0
b) t2ẍ−3tẋ+3x = t2

4. Solve the differential equation ẍ+2aẋ−3a2x = 100ebt for all values of the con-
stants a and b.

5. Find the solution of the difference equation xt+1 = 2xt +4 with x0 = 1.

6. Find the solution of the difference equation wt+1 = (1+ r)wt + yt+1− ct+1 when
r = 0.2, w0 = 1000, yt = 100 and ct = 50.

7. Prove by direct substitution that the following sequences in t are solutions of the
associated difference equations when A,B are constants:

a) xt = A+B ·2t is a solution of xt+2−3xt+1 +2xt = 0
b) xt = A ·3t +B ·4t is a solution of xt+2−7xt+1 +12xt = 0

8. Find the general solution of the difference equation xt+2−2xt+1 + xt = 0.

9. Find the general solution of the difference equation 3xt+2−12xt = 4.

10. Find the general solution of the following difference equations:

a) xt+2−6xt+1 +8xt = 0
b) xt+2−8xt+1 +16xt = 0
c) xt+2 +2xt+1 +3xt = 0

11. Find the general solution of the difference equation xt+2 +2xt+1 + xt = 9 ·2t .

12. A model for location uses the difference equation

Dt+2−4(ab+1)Dt+1 +4a2b2Dt = 0

where a,b are constants and Dt is the unknown sequence. Find the solution of this
equation assuming that 1+2ab > 0.

13. Is the difference equation xt+2− xt+1− xt = 0 globally asymptotically stable?
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14. Final Exam in GRA6035 30/05/2011, 3b
Find the general solution of the differential equation y′′+2y′−35y = 11et −5.

15. Final Exam in GRA6035 10/12/2010, 3b
Find the general solution of the differential equation y′′+ y′−6y = tet .

16. Final Exam in GRA6035 10/12/2007, Problem 3

a) Find the solution of ẋ = (t−2)x2 that satisfies x(0) = 1.
b) Find the general solution of the differential equation ẍ−5ẋ+6x = e7t .
c) Find the general solution of the differential equation ẋ+2tx = te−t2+t .
d) Find the solution of 3x2ex3+3t ẋ+3ex3+3t −2e2t = 0 with x(1) =−1.

17. Final Exam in GRA6035 10/12/2010, Problem 3a
You borrow an amount K. The interest rate per period is r. The repayment is 500
in the first period, and increases with 10 for each subsequent period. Show that the
outstanding balance bt after period t satisfies the difference equation

bt+1 = (1+ r)bt − (500+10t), b0 = K

and solve this difference equation.

18. Mock Final Exam in GRA6035 12/2010, Problem 3

a) Find the solution of y′ = y(1− y) that satisfies y(0) = 1/2.
b) Find the general solution of the differential equation(

ln(t2 +1)−2
)

y′ = 2t− 2ty
t2 +1

c) Solve the difference equation

pt+2 =
2
3

pt+1 +
1
3

pt , p0 = 100, p1 = 102

19. Final Exam in GRA6035 30/05/2011, Problem 3a
Solve the difference equation xt+1 = 3xt +4, x0 = 2 and compute x5.
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Solutions

1

a) We first solve ÿ− y = 0. The characteristic equation is r2− 1 = 0. We get yh =
C1e−t +C2et . To find a solution of ÿ− y = e−t , we guess on solution of the form
yp = Ae−t . We have ẏp = −Ae−t and ÿp = Ae−t . Putting this into the left hand
side of the equation, we get

Ae−t − (Ae−t) = 0

So this does not work. The reason is that e−t is a solution of the homogenous
equation. We try something else: yp = Ate−t . This gives

ẏp = A(e−t − te−t)

ÿp = A(−e−t − (e−t − te−t))

= Ae−t (t−2)

Putting this into the left hand side of the equation, we obtain

ÿp− yp = Ae−t (t−2)−Ate−t

=−2Ae−t

We get a solution for A =− 1
2 . Thus the general solution is

y(t) =−1
2

te−t +C1e−t +C2et

b) The equation is equivalent to

ÿ−10ẏ+25y =
2
3

t +
1
3

We first solve the homogenous equation for which the characteristic equation is

r2−10r+25 = 0

This has one solution r = 5. The general homogenous solution is thus

yh = (C1 +C2t)e5t

To find a particular solution, we try

yp = At +B

We have ẏp = A and ÿp = 0. Putting this into the equation, we obtain
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0−10A+25(At +B) =
2
3

t +
1
3

We obtain 25A = 2
3 and −10A+ 25B = 1

3 . From this we get A = 2
75 and − 20

75 +

25B = 25
75 =⇒ B = 45

25·75 = 3
125 . Thus

y(t) =
2
75

t +
3

125
+(C1 +C2t)e5t

2

a) We first solve the homogenous equation ÿ+2ẏ+ y = 0. The characteristic equa-
tion is r2 +2r+1 = 0 which has the one solution, r =−1. We get

yh(t) = (C1 +C2t)e−t .

To find a particular solution we try with yp = At2 +Bt +C. We get ẏp = 2At +B
and ÿp = 2A. Substituting this into the left hand side of the equation, we get

2A+2(2At +B)+(At2 +Bt +C)

= 2A+2B+C+(4A+B)t +At2

We get A = 1, (4A+B) = 0 and 2A+2B+C = 0. We obtain A = 1, B =−4 and
C =−2A−2B =−2+8 = 6. Thus the general solution is

y(t) = t2−4t +6+(C1 +C2t)e−t .

We get ẏ = 2t−4+C2e−t +(C1 +C2t)e−t(−1) = 2t−C1e−t +C2e−t− tC2e−t−
4. From y(0) = 0 we get 6 +C1 = 0 =⇒ C1 = −6. From ẏ(0) = 1, we get
−C1 +C2−4 = 1 =⇒ C2 = 5+C1 = 5−6 =−1. Thus we have

y(t) = t2−4t +6− (6+ t)e−t .

b) We first solve the homogenous equation ÿ+4y = 0. The characteristic equation

r2 +4 = 0 has no solutions, so we put α =− 1
2 0 = 0 and β =

√
4− 1

2 0 = 2. This
gives yh = eαt(C1 cosβ t +C2 sinβ t) =C1 cos2t +C2 sin2t. To find a solution of
ÿ+ 4y = 4t + 1 we try yp = A+Bt. This gives ẏp = B and ÿp = 0. Putting this
into the equation, we find that

ÿp +4yp = 0+4(A+Bt) = 4A+4Bt = 4t +1.

This implies that B = 1 and A = 1
4 . Thus

y(t) =C1 cos2t +C2 sin2t +
1
4
+ t

3 We have the following solutions:
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a) Substituting t = es transforms the equation into y′′(s)+4y′(s)+3y′(s) = 0. The
characteristic equation is r2 + 4r + 3 = 0. The solutions are r = −3,−1. Thus
y(s) =C1e−3t +C2e−t . Substituting s = ln t gives y(t) =C1t−3 +C2t−1.

b) Substituting t = es transforms the equation into y′′(s)−4y′(s)+3y′(s) = (es)2 =
e2s. First we solve the homogenous equation y′′(s)− 5y′(s) + 3y′(s) = 0. The
characteristic equation is r2−4r+3 = 0, and has the solutions r = 1 and r = 3.
Thus yh =C1es +C2e3s. To find a particular solution of y′′(s)−4y′(s)+3y(s) =
(es)2 = e2s we try yp = Ae2s. We have y′p = 2Ae2s and y′′p = 4Ae2s. Substituting
this into the equation, gives

y′′(s)−4y′(s)+3y(s) = 4Ae2s−4 ·2Ae2s +3 ·Ae2s

=−Ae2s

Thus we get A =−1, and

y(s) =C1es +C2e3s− e2s

Substituting s = ln t gives

y(t) =C1t +C2t3− t2.

4 If a 6= 0 we get the general solution

y = 100
ebt

2ab−3a2 +b2 +C1eat +C2e−3at

provided that 2ab−3a2+b2 6= 0. When a = 0 and b 6= 0 we get the general solution

y =C1 +
100
b2 ebt +C2t

There are also some other cases to consider, see answers in FMEA ey.6.3.9.

5 We write the difference equation xt+1− 2xt = 4, and see that it is a first order
linear inhomogeneous equation. The homogeneous solution is xh

t = C · 2t since the
characteristic equation is r−2 = 0, so that r = 2. We look for a particular solution
of the form xp

t = A (constant), and see that A−2A = 4, so that A =−4 and xp
t =−4.

Hence the general solution is

xt = xh
t + xp

t =C ·2t −4

The initial condition x0 = 1 gives C ·1−4 = 1, or C = 5. The solution is therefore
xt = 5 ·2t−4.

6 We write the difference equation wt+1−1.2wt = 50, and see that it is a first order
linear inhomogeneous equation. The homogeneous solution is wh

t = C · 1.2t since
the characteristic root is 1.2. We look for a particular solution of the form wp

t = A
(constant), and see that A−1.2A = 50, so that A =−250 and xp

t =−250. Hence the
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general solution is
wt = wh

t +wp
t =C ·1.2t −250

The initial condition w0 = 1000 gives C ·1−250 = 1000, or C = 1250. The solution
is therefore wt = 1250 ·1.2t−250.

7 We compute the left hand side of the difference equations to check that the given
sequences are solutions:

a) (A+B ·2t+2)−3(A+B ·2t+1)+2(A+B ·2t) = (A−3A+2A)+(4B−6B+2B) ·
2t = 0

b) (A · 3t+2 +B · 4t+2)− 7(A · 3t+1 +B · 4t+1) + 12(A · 3t +B · 4t) = (9A− 21A+
12A) ·3t +(16B−28B+12B) ·2t = 0

We see that the given sequence is a solution in each case.

8 The difference equation xt+2− 2xt+1 + xt = 0 is a second order linear homoge-
neous equation. The characteristic equation is r2−2r+1 = 0 and has a double root
r = 1, and therefore the general solution is

xt =C1 ·1t +C2 t ·1t = C1 +C2t

9 We write the difference equation 3xt+2−12xt = 4 as xt+2−4xt = 1. It is a second
order linear inhomogeneous equation. We first find the homogeneous solution: The
characteristic equation is r2−4 = 0 and has roots r =±2, and therefore the homo-
geneous solution is xt =C1 ·2t +C2 · (−2)t . For the particular solution, we see that
ft = 4 in the original difference equation 3xt+2− 12xt = 4, so we guess xp

t = A, a
constant. This gives xt = A and xt+2 = A, so 3A−12A = 4, or A =−4/9. Hence the
particular solution is xp

t =−4/9, and the general solution is

xt = xh
t + xp

t = C1 ·2t +C2 · (−2)t−4/9

10 In each case, we solve the characteristic equation to find the general solution:

a) The characateristic equation of xt+2−6xt+1 +8xt = 0 is r2−6r+8 = 0, and has
roots r = 2,4. Therefore, the general solution is xt = C1 ·2t +C2 ·4t.

b) The characateristic equation of xt+2−8xt+1 +16xt = 0 is r2−8r+16 = 0, and
has a double root r = 4. Therefore, the general solution is xt = C1 ·4t +C2 t ·4t.

c) The characateristic equation of xt+2 +2xt+1 +3xt = 0 is r2 +2r+3 = 0, and has
roots given by

r =
−2±

√
22−4 ·3
2

=−1±
√
−8/2

Hence there are no real roots. We have a = 2 and b = 3, so the general solution
is xt = (

√
3)t(C1 cos(2.186t)+C2 sin(2.186t)) since we have that cos(2.186)'

−1/
√

3.

11 The difference equation xt+2 + 2xt+1 + xt = 9 · 2t is a second order linear in-
homogeneous equation. We first find the homogeneous solution, and therefore con-
sider the homogeneous equation xt+2 + 2xt+1 + xt = 0. The characteristic equation
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is r2 +2r+1 = 0 and it has a double root r = −1. Therefore the homogeneous so-
lution is xh

t =C1 · (−1)t +C2 t · (−1)t = (C1 +C2 t)(−1)t . We then find a particular
solution of the inhomogeneous equation xt+2 + 2xt+1 + xt = 9 · 2t , and look for a
solution of the form xt = A ·2t . This gives

A ·2t+2 +2(A ·2t+1)+(A ·2t) = 9 ·2t ⇒ (4A+4A+A) ·2t = 9 ·2t

This gives 9A = 9 or A = 1, and the particular solution is xp
t = 1 ·2t = 2t . Hence the

general solution is

xt = xh
t + xp

t = (C1 +C2 t) · (−1)t +2t

12 The difference equation Dt+2−4(ab+1)Dt+1 +4a2b2Dt = 0 is a linear second
order homogeneous equation. Its characteristic equation is r2−4(ab+1)r+4a2b2 =
0, and it has roots given by

r =
4(ab+1)±

√
16(ab+1)2−4 ·4a2b2

2
= 2(ab+1)±2

√
2ab+1

Since we assume that 1+ 2ab > 0, there are distinct characteristic roots r1 6= r2
given by

r1 = 2(ab+1+
√

2ab+1), r2 = 2(ab+1−
√

2ab+1)

and the general solution is

Dt =C1 · rt
1 +C2 · rt

2 = 2t(C1 · (ab+1+
√

2ab+1)t +C2 · (ab+1−
√

2ab+1)t)

13 The difference equation xt+2− xt+1− xt = 0 is a linear second order homoge-
neous equation, with characteristic equation r2− r− 1 = 0 and characteristic roots
given by

r =
1±
√

1+4
2

=
1±
√

5
2

Hence it has two distinct characteristic roots r1 6= r2 given by

r1 =
1+
√

5
2

' 1.618, r2 =
1−
√

5
2

'−0.618

and the general solution is xt = C1 · rt
1 +C2 · rt

2. It is globally asymptotically stable
if xt → 0 as t → ∞ for all values of C1,C2, and this is not the case since r1 > 1. In
fact, xt →±∞ as t→∞ if C1 6= 0. Therefore, the difference equation is not globally
asymptotically stable.

14 The homogeneous equation y′′+2y′−35y = 0 has characteristic equation r2 +
2r− 35 = 0 and roots r = 5 and r = −7, so yh = C1 e5t +C2 e−7t . We try to find a
particular solution of the form y = Aet +B, which gives

y′ = y′′ = Aet
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Substitution in the differential equation gives

Aet +2Aet −35(Aet +B) = 11et −5⇔−32A = 11 and −35B =−5

This gives A =−11/32 and B = 1/7. Hence the general solution of the differential
equation is y = yh + yp =C1 e5t +C2 e−7t − 11

32 et + 1
7

15 The homogeneous equation y′′+y′−6y = 0 has characteristic equation r2 + r−
6 = 0 and roots r = 2 and r =−3, so yh =C1e2t +C2e−3t . We try to find a particular
solution of the form y = (At +B)et , which gives

y′ = (At +A+B)et , y′′ = (At +2A+B)et

Substitution in the differential equation gives

(At +2A+B)et +(At +A+B)et −6(At +B)et = tet ⇔−4A = 1 and 3A−4B = 0

This gives A =−1/4 and B =−3/16. Hence the general solution of the differential
equation is y = yh + yp =C1e2t +C2e−3t − ( 1

4 t + 3
16 )e

t

16 Final Exam in GRA6035 10/12/2007, Problem 3

a) We have ẋ = (t− 2)x2 =⇒ 1
x2 ẋ = t− 2 =⇒

∫ 1
x2 dx =

∫
(t− 2)dt =⇒ − 1

x =
1
2 t2−2t +C =⇒ x = −2

t2−4t+2C . The initial condition x(0) = −2
2C = −1

C = 1 =⇒
C =−1 =⇒ x(t) = −2

t2−4t−2 .
b) We have ẍ−5ẋ+6x = 0,r2−5r+6 = 0 =⇒ r = 3,r = 2 =⇒ xh(t) = Ae2t +

Be3t , and xp = Ce7t =⇒ ẋp = 7Ce7t =⇒ ẍp = 49Ce7t gives ẍp− 5ẋp + 6xp =
Ce7t(49−5 ·7+6) = 20Ce7t = 1 =⇒ C = 1

20 . Hence x(t) = Ae2t +Be3t + 1
20 e7t .

c) Integrating factor et2
=⇒ xet2

=
∫

te−t2+tet2
dt =

∫
tetdt = tet − et +C =⇒

x(t) = (tet − et +C)e−t2
.

d) We have ∂

∂ t (3x2ex3+3t) = 9x2e3t+x3
and ∂

∂x (3ex3+3t − 2e2t) = 9x2e3t+x3
, so the

differential equation is exact. We look for h with h′x = 3x2ex3+3t =⇒ h= ex3+3t +

α(t) =⇒ h′t = 3ex3+3t +α ′(t). But h′t = 3ex3+3t +α ′(t) = 3ex3+3t − 2e2t =⇒
α ′(t)=−2e2t =⇒ α(t)=−e2t +C =⇒ h= ex3+3t−e2t +C. This gives solution
in implicit form

h = ex3+3t − e2t = K

The initial condition x(1) =−1 =⇒ e(−1)3+3−e2 =K =⇒ K = 0 =⇒ ex3+3t−
e2t = 0 =⇒ ex3+3t = e2t =⇒ x3 +3t = 2t =⇒ x3 =−t =⇒ x(t) = 3

√
−t.

17 Final Exam in GRA6035 10/12/2010, Problem 3a
We have bt+1−bt = rbt − st+1, where st+1 = 500+10t is the repayment in period
t +1. Hence we get the difference equation

bt+1 = (1+ r)bt − (500+10t), b0 = K



11

The homogenous solution is bh
t = C(1+ r)t . We try to find a particular solution of

the form bt = At +B, which gives bt+1 = At +A+B. Substitution in the difference
equation gives

At +A+B = (1+ r)(At +B)− (500+10t) = ((1+ r)A−10)t +(1+ r)B−500

and this gives A = 10/r and B = 10/r2+500/r. Hence the solution of the difference
equation is

bt = bh
t +bp

t =C(1+ r)t +
10
r

t +
10
r2 +

500
r

The initial value condition is K =C+10/r2 +500/r, hence we obtain the solution

bt =

(
K− 10

r2 −
500

r

)
(1+ r)t +

10
r

t+
10
r2 +

500
r

18 Mock Final Exam in GRA6035 12/2010, Problem 3
See handwritten solution on the coarse page for GRA 6035 Mathematics 2010/11.

19 Final Exam in GRA6035 30/05/2011, Problem 3a
We have xt+1−3xt = 4, and the homogenous solution is xh

t = C ·3t . We try to find
a particular solution of the form xt = A, and substitution in the difference equation
gives A = 3A + 4, so A = −2 is a particular solution. Hence the solution of the
difference equation is

xt = xh
t + xp

t =C ·3t −2

The initial value condition is 2 =C−2, hence we obtain the solution

xt = 4 ·3t−2

This gives x5 = 970.


