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Question 1.

We consider the matrix A given by

A =


4 1 1

1 4 1

1 1 4


(a) Compute the determinant and rank of A.
(b) Compute all eigenvalues of A. Is A diagonalizable?

Question 2.

We consider the function f with parameter h, given by f(x, y;h) = hx4+y4+4x2−(6+h)xy+4y2−3h.
The function f is defined for all points (x, y) ∈ R2.

(a) Compute the Hessian matrix of f , and show that f is convex when h = 0. Then determine
all values of h such that f is convex.

(b) Find the global minimum of f when h = 0.
(c) Will the global minimum value f∗(h) increase or decrease when the value of the parameter h

changes from h = 0 to a small positive value?

Question 3.

Solve the following difference and differential equations:

(a) yt+2 − 5yt+1 + 4yt = 2t

(b) y′ = t(y − 1)2, y(0) = 3
(c) (2y − et)y′ = yet + 2e2t, y(0) = 2



Question 4.

We consider the optimization problem

max x+ 2y + 2z subject to


x2 + y2 + z2 ≤ 4

x ≥ 0

y ≥ 0

z ≥ 0

Sketch the set of admissible points, and solve the optimization problem.

Question 5.

Let a, b ∈ R be parameters with a 6= 0, and consider the matrix A given by

A =


b a a a

a b a a

a a b a

a a a b


Show that λ = b− a is an eigenvalue of A, and find its multiplicity. Use this to find det(A).
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