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Problems

1. Find the general solution of the following differential equations:

a)X=t
b) ¥ = ¢ +1

2. Solve the initial value problem % = > — ¢, x(0) = 1, %(0) = 2.
3. Solve the problem ¥ = x+1, x(0) = 1, x(1) = 2.

4. Find the general solutions of the following differential equations:

Q) i—3i=0
b) &+ 4%+ 8x =0
¢) 3i+8x =0

d) 4+ 4i+x=0
e) ¥+x—6x=8

f) ¥ +3i+2x =¢

5. Find the general solutions
a)i—x=e"!
b) 3%X =30k +75x =2t + 1

6. Solve

A

a) i+ 2t +x =12, x(0) = 0, %(0
b)i+dx=4r+1,x(5)=0,%(%) =

7. Consider the equation X+ ax+ bx = 0 when %az — b, so that that the characteristic
equation has a double root r = —4. Let x(¢) = u(t)e" and prove that this function is
a solution if and only if ¥ = 0. Conclude that the general solution is x = (A + Bt )e"

8. Find the general solutions of the following equations for # > 0:
a) 25+ 5ti+3x=0
b) 2% — 3tk +3x =12

9. Solve the differential equation X + 2ax — 3a’x = 100 for all values of the con-
stants a and b.

10. Final Exam in GRA6035 30/05/2011, 3b
Find the general solution of the differential equation y” + 2y’ — 35y = 11¢' — 5.

11. Final Exam in GRA6035 10/12/2010, 3b
Find the general solution of the differential equation y” 4y’ — 6y = te'.



Solutions

[ We solve the differential equation by direct integration:

a) i=t = =12 +C0 = x=LP+Ct+G
b)i=e 412 = k= + 1740 = x=¢+ Lt O+ G

Wehave i =12 —t — &= %t3 — %tz—l—Cl == x= ﬁt“— %tz’—i-ClH—Cz. The
initial condition x(0) = 1 gives {50* — £03+C,0+C, = C; = 1, and #(0) = 2 gives
%03 — %O + C1 = C1 = 2. The particular solution is therefore
t)=—t ——t 2t+1
x(t) W ¢ +2t+
B] Substitute u = %. Then ¥ = X+ < 1 = u+1 < 1 —u = t. The integrating factor
is e’ and we get

ue ' = /te_’dt =—e¢'—te"+C

From this we obtain u = (—e™" —te™" +C})e' = Cie' —t — 1 and we integrate to
find x from u = %, and get x = [(C1e' —t — 1)dt =Cie' —1 — %t2 + C,. The initial
condition x(0) = 1 gives C; +C, = 1 = C, = 1 —C}, and the condition x(1) =2
gives Cre — 1 — % +C,=Cie—3/2+1—C; =2. This gives Ci(e— 1) =5/2, or

5 5 2e —17

“=emy Tl T

The particular solution is therefore
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a) The characteristic equation is > —3r =0 = r=0,3 = x(t) = C; + Cae™.

b) Characteristic equation is 2 +4r+ 8 = 0. This has no real solutions. Thus we put
a=-ta=-l4=-2p= \/bf 1a? = \/8 — 142 = 2. From this the general
solution is x(t) = e™ (A cos Bt + Bsin Bt) = e~ (Acos 2t + Bsin2t).

c) 3i+8x=0<=i+ %x = 0. The characteristic equation is 7% + %r =0=r=0
orr= 7%. The general solution is x(¢) = Cye” +C2e*§’ =C] +Cze*§’.

d) 4x4 4%+ x = 0 has characteristic equation 472 +4r+ 1 = 0. There is one solution
r = —4. The general solution is x(t) = (Cy + Czt)e’%’.

e) First we solve the homogenous equation ¥ 4 X — 6x = 8. The characteristic equa-
tion is 7> +r — 6 = 0. It has the solutions » = —3 and » = 2. The general solution
of the homogenous equation is thus

xh(t) = C1673t +C2€2t



In order to find the general solution of the non-homogenous equation X+ X — 6x =
8, we need to find a particular solution and we guess on a solution of the form
x,(t) = A for some constant A. Putting this into the equation gives A = —% =

—%. Thus the general solution is

4
x(t) = 37 Cre ' 4 Cre?
We first solve the homogenous equation % + 3x 4 2x = 0. The characteristic equa-
tion is 7> 4+ 3r+2 = 0. The solutions are r = —1 and = —2. The general solution
of the homogenous equation is thus

xh(t) = C]E_t —|—C2€_2t

To find a solution of the non-homogenous equation & + 3x + 2x = ¢

on a solution of the form x,(t) = Ae>. We have that

, We guess

X, = 5Ae” and ¥, = 25A¢™
Putting this into the equation we obtain
254¢% 4 3-5A¢” 4246 =&

From this we get 424> = ¢ and we must have A = i. Thus the solution is

1
x(t) = 56‘5[ +Cre ! +Cre ¥

We first solve & — x = 0. The characteristic equation is 7> — 1 = 0. We get x, =
Cie '+ Cae'. To find a solution of ¥ —x = ¢!, we guess on solution of the form
x, =Ae”". We have x, = —Ae ' and ¥, = Ae”'. Putting this into the left hand
side of the equation, we get

Ae"—(Ae™) =0

So this does not work. The reason is that e~ is a solution of the homogenous
equation. We try something else: x, = Are™". This gives

gp=A(e " —te”")
ip= A(—e "= (e —te™))
=Ae”" (1—2)

Putting this into the left hand side of the equation, we obtain



¥p—xp=Ae ' (t—2)—Ate”’
= —2Ae¢™!

We get a solution for A = —%. Thus the general solution is

1
x(t) = —Eteft +Cre !t + Gy

b) The equation is equivalent to

2 1
¥ — 10X +25x = =t + =
X X+ 25x 3 +3

We first solve the homogenous equation for which the characteristic equation is
r*—10r+25=0
This has one solution » = 5. The general homogenous solution is thus
xp = (Cy —|—C21‘)€5t
To find a particular solution, we try
xp =At+B

We have i, = A and ¥, = 0. Putting this into the equation, we obtain

2 1
0—10A+25(At+B):§t+§
We obtain 254 = % and —10A+25B = % From this we get A = % and f% +

_ 25 _ 45 _ 3
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a) We first solve the homogenous equation X + 2x +x = 0. The characteristic equa-

tion is 72 + 2r+ 1 = 0 which has the one solution, r = —1. We get
xh(t) = (Cl —|—C2t)e_t.

To find a particular solution we try with x,, = At> + Bt +C. We get Xp=2At+B
and ¥, = 2A. Substituting this into the left hand side of the equation, we get

2A+2(2At +B) + (At> + Bt +C)
=2A+2B+C+ (4A+B)t +Ar?



WegetA=1,(4A+B)=0and 2A+2B+C =0. We obtain A = 1, B= —4 and
C = —2A — 2B = —2+ 8 = 6. Thus the general solution is

x(t) =12 =4t 4+ 6+ (C1 +Cat)e ™.

We getx = 2t —44+Cre ' + (Cl —|—C2t)e_’(—l) =2t—Cie ' +Cre ! —tCre! —
4. From x(0) =0 we get 6+C; =0 = C; = —6. From x(0) = 1, we get
—C1+C,—4=1 = C,=5+C; =5—6=—1. Thus we have

x(t) =12 —4t+6—(6+1)e".

b) We first solve the homogenous equation X + 4x = 0. The characteristic equation
r*> +4 = 0 has no solutions, so we put o = —%0 =0and f =4/4— %0 =2. This
gives x;, = e (Cj cos Bt + Cy sin Bt) = Cj cos2t 4+ Cy sin2¢. To find a solution of
X+4x=4t+1 we try x, = A+ Bt. This gives X, = B and ¥, = 0. Putting this
into the equation, we find that

Xp+4x, =0+4(A+Bt) =4A+4Br =4t +1.

This implies that B=1and A = %. Thus

1
x(t) = Cycos2t 4+ Cysin 2t + 1 +t
x=ue" = k=ue" +ure" =" (i+ur) = i=iie"" +ure" +r(ie" +ure') =
e (ii + 2ri+ ur?). From this we get

%+ ax + bx = [ (i + 2rii+ ur®) + a(ii + ur) + bu
=e"fii+ (2r+a)i+ (r2 +ar+b)u
The characteristic equation is assumed to have one solution r = >*. Putting r = >*
into the expression we get
i+ ax+bx = e"ii

So x = ue™ is a solution if and only if ¢"ii = 0 < ii = 0. The differential equation
ii = 0 has the general solution u = A + Bt. Thus x = (A+ Bt)e" is the general solution
of X +ax+bx=0.
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a) Substituting ¢ = ¢* transforms the equation into x”(s) 4 4x'(s) 4+ 3x/(s) = 0. The
characteristic equation is 72 +4r +3 = 0. The solutions are r = —3,—1. Thus
x(s) = Cre3 + Cre™". Substituting s = Inz gives x(t) = C;t 3 +Cot .

b) Substituting ¢ = ¢* transforms the equation into x” (s) — 4x’(s) +3x'(s) = (¢*)* =
% . First we solve the homogenous equation x”(s) — 5x'(s) + 3x'(s) = 0. The
characteristic equation is r2 —4r+3 = 0, and has the solutions » = 1 and r = 3.
Thus x;, = C1e* + Ce. To find a particular solution of x”(s) — 4x'(s) + 3x(s) =
(¢)? = € we try x, = Ae*. We have x|, = 2A¢** and x}, = 4Ae*. Substituting



this into the equation, gives
K" (s) —4x'(s5) 4 3x(s) = 4Ae* —4-24e% +3-Ae*
— A
Thus we get A = —1, and
x(s) = Cre + Cre® — %
Substituting s = Int gives
x(t) = Cit +Cot® —12.
O] If a # 0 we get the general solution

bt
e
= 1005————5—— +Cie" + Coe >
* 2ab73a2+b2+ ren e

provided that 2ab — 3a®> +b* # 0. When a = 0 and b # 0 we get the general solution

100
X = C] + ﬁebt +C2l

There are also some other cases to consider, see answers in FMEA ex.6.3.9.

The homogeneous equation y” + 2y’ — 35y = 0 has characteristic equation > +
2r—35=0androots r =5 and r = —7, so y, = C; '+ Cre . We try to find a
particular solution of the form y = Ae’ + B, which gives

y/ — y// — Ael
Substitution in the differential equation gives
Aé' +2Aé —35(Ae' +B) =11¢' =54 —32A =11 and —35B= -5

This gives A = —11/32 and B = 1/7. Hence the general solution of the differential
equationis y =y, +y, =Cre’ +Cre™ " — el +1

The homogeneous equation y” +y’ — 6y = 0 has characteristic equation 72+ r —
6=0androots r =2 and r = —3, so y, = C1e* +Cye . We try to find a particular
solution of the form y = (A7 + B)e’, which gives

y =(At+A+B)e', ' = (At+2A+B)ée
Substitution in the differential equation gives

(At +2A+B)e' + (At+A+B)e' —6(At+B)e' =te' & —4A=1and3A—4B=0
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This gives A = —1/4 and B = —3/16. Hence the general solution of the differential
equationis y =y, +y, =Ci 2 4 Cre 3 — (%t + l%)e’



