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Problems

1. Find the general solution of the following differential equations:

a) ẍ = t
b) ẍ = et + t2

2. Solve the initial value problem ẍ = t2− t, x(0) = 1, ẋ(0) = 2.

3. Solve the problem ẍ = ẋ+ t, x(0) = 1, x(1) = 2.

4. Find the general solutions of the following differential equations:

a) ẍ−3ẋ = 0
b) ẍ+4ẋ+8x = 0
c) 3ẍ+8ẋ = 0
d) 4ẍ+4ẋ+ x = 0
e) ẍ+ ẋ−6x = 8
f) ẍ+3ẋ+2x = e5t

5. Find the general solutions

a) ẍ− x = e−t

b) 3ẍ−30ẋ+75x = 2t +1

6. Solve

a) ẍ+2ẋ+ x = t2, x(0) = 0, ẋ(0) = 1
b) ẍ+4x = 4t +1, x(π

2 ) = 0, ẋ(π

2 ) = 0

7. Consider the equation ẍ+aẋ+bx = 0 when 1
4 a2−b, so that that the characteristic

equation has a double root r =− a
2 . Let x(t) = u(t)ert and prove that this function is

a solution if and only if ẍ = 0. Conclude that the general solution is x = (A+Bt)ert .

8. Find the general solutions of the following equations for t > 0:

a) t2ẍ+5tẋ+3x = 0
b) t2ẍ−3tẋ+3x = t2

9. Solve the differential equation ẍ+2aẋ−3a2x = 100ebt for all values of the con-
stants a and b.

10. Final Exam in GRA6035 30/05/2011, 3b
Find the general solution of the differential equation y′′+2y′−35y = 11et −5.

11. Final Exam in GRA6035 10/12/2010, 3b
Find the general solution of the differential equation y′′+ y′−6y = tet .
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Solutions

1 We solve the differential equation by direct integration:

a) ẍ = t =⇒ ẋ = 1
2 t2 +C1 =⇒ x = 1

6 t3 +C1t +C2

b) ẍ = et + t2 =⇒ ẋ = et + 1
3 t3 +C1 =⇒ x = et + 1

12 t4 +C1t +C2

2 We have ẍ = t2− t =⇒ ẋ = 1
3 t3− 1

2 t2 +C1 =⇒ x = 1
12 t4− 1

6 t3 +C1t +C2. The
initial condition x(0) = 1 gives 1

12 04− 1
6 03 +C10+C2 =C2 = 1, and ẋ(0) = 2 gives

1
3 03− 1

2 0+C1 =C1 = 2. The particular solution is therefore

x(t) =
1

12
t4− 1

6
t3 +2t +1

3 Substitute u = ẋ. Then ẍ = ẋ+ t⇔ u̇ = u+ t⇔ u̇−u = t. The integrating factor
is e−t , and we get

ue−t =
∫

te−tdt =−e−t − te−t +C1

From this we obtain u = (−e−t − te−t +C1)et = C1et − t − 1 and we integrate to
find x from u = ẋ, and get x =

∫
(C1et − t− 1)dt = C1et − t− 1

2 t2 +C2. The initial
condition x(0) = 1 gives C1 +C2 = 1 =⇒ C2 = 1−C1, and the condition x(1) = 2
gives C1e−1− 1

2 +C2 =C1e−3/2+1−C1 = 2. This gives C1(e−1) = 5/2, or

C1 =
5

2(e−1)
, C2 = 1− 5

2(e−1)
=

2e−7
2(e−1)

The particular solution is therefore

x(t) =
5

2(e−1)
· et − t− 1

2
t2 +

2e−7
2(e−1)
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a) The characteristic equation is r2−3r = 0 =⇒ r = 0,3 =⇒ x(t) =C1 +C2e3t .
b) Characteristic equation is r2+4r+8 = 0. This has no real solutions. Thus we put

α =− 1
2 a =− 1

2 4 =−2,β =
√

b− 1
4 a2 =

√
8− 1

4 42 = 2. From this the general

solution is x(t) = eαt(Acosβ t +Bsinβ t) = e−2t(Acos2t +Bsin2t).
c) 3ẍ+8ẋ = 0⇐⇒ ẍ+ 8

3 ẋ = 0. The characteristic equation is r2+ 8
3 r = 0 =⇒ r = 0

or r =− 8
3 . The general solution is x(t) =C1e0t +C2e−

8
3 t =C1 +C2e−

8
3 t .

d) 4ẍ+4ẋ+x = 0 has characteristic equation 4r2+4r+1 = 0. There is one solution
r = − 1

2 . The general solution is x(t) = (C1 +C2t)e−
1
2 t .

e) First we solve the homogenous equation ẍ+ ẋ−6x = 8. The characteristic equa-
tion is r2 + r−6 = 0. It has the solutions r = −3 and r = 2. The general solution
of the homogenous equation is thus

xh(t) =C1e−3t +C2e2t
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In order to find the general solution of the non-homogenous equation ẍ+ ẋ−6x=
8, we need to find a particular solution and we guess on a solution of the form
xp(t) = A for some constant A. Putting this into the equation gives A = − 8

6 =

− 4
3 . Thus the general solution is

x(t) =−4
3
+C1e−3t +C2e2t

f) We first solve the homogenous equation ẍ+3ẋ+2x = 0. The characteristic equa-
tion is r2+3r+2= 0. The solutions are r =−1 and r =−2. The general solution
of the homogenous equation is thus

xh(t) =C1e−t +C2e−2t

To find a solution of the non-homogenous equation ẍ+ 3ẋ+ 2x = e5t , we guess
on a solution of the form xp(t) = Ae5t . We have that

ẋp = 5Ae5t and ẍp = 25Ae5t

Putting this into the equation we obtain

25Ae5t +3 ·5Ae5t +2Ae5t = e5t

From this we get 42Ae5t = e5t and we must have A = 1
42 . Thus the solution is

x(t) =
1

42
e5t +C1e−t +C2e−2t
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a) We first solve ẍ− x = 0. The characteristic equation is r2− 1 = 0. We get xh =
C1e−t +C2et . To find a solution of ẍ− x = e−t , we guess on solution of the form
xp = Ae−t . We have ẋp = −Ae−t and ẍp = Ae−t . Putting this into the left hand
side of the equation, we get

Ae−t − (Ae−t) = 0

So this does not work. The reason is that e−t is a solution of the homogenous
equation. We try something else: xp = Ate−t . This gives

ẋp = A(e−t − te−t)

ẍp = A(−e−t − (e−t − te−t))

= Ae−t (t−2)

Putting this into the left hand side of the equation, we obtain
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ẍp− xp = Ae−t (t−2)−Ate−t

=−2Ae−t

We get a solution for A =− 1
2 . Thus the general solution is

x(t) =−1
2

te−t +C1e−t +C2et

b) The equation is equivalent to

ẍ−10ẋ+25x =
2
3

t +
1
3

We first solve the homogenous equation for which the characteristic equation is

r2−10r+25 = 0

This has one solution r = 5. The general homogenous solution is thus

xh = (C1 +C2t)e5t

To find a particular solution, we try

xp = At +B

We have ẋp = A and ẍp = 0. Putting this into the equation, we obtain

0−10A+25(At +B) =
2
3

t +
1
3

We obtain 25A = 2
3 and −10A+ 25B = 1

3 . From this we get A = 2
75 and − 20

75 +

25B = 25
75 =⇒ B = 45

25·75 = 3
125 . Thus

x(t) =
2
75

t +
3

125
+(C1 +C2t)e5t

6

a) We first solve the homogenous equation ẍ+2ẋ+ x = 0. The characteristic equa-
tion is r2 +2r+1 = 0 which has the one solution, r =−1. We get

xh(t) = (C1 +C2t)e−t .

To find a particular solution we try with xp = At2 +Bt +C. We get ẋp = 2At +B
and ẍp = 2A. Substituting this into the left hand side of the equation, we get

2A+2(2At +B)+(At2 +Bt +C)

= 2A+2B+C+(4A+B)t +At2
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We get A = 1, (4A+B) = 0 and 2A+2B+C = 0. We obtain A = 1, B =−4 and
C =−2A−2B =−2+8 = 6. Thus the general solution is

x(t) = t2−4t +6+(C1 +C2t)e−t .

We get ẋ = 2t−4+C2e−t +(C1 +C2t)e−t(−1) = 2t−C1e−t +C2e−t− tC2e−t−
4. From x(0) = 0 we get 6 +C1 = 0 =⇒ C1 = −6. From ẋ(0) = 1, we get
−C1 +C2−4 = 1 =⇒ C2 = 5+C1 = 5−6 =−1. Thus we have

x(t) = t2−4t +6− (6+ t)e−t .

b) We first solve the homogenous equation ẍ+4x = 0. The characteristic equation

r2 +4 = 0 has no solutions, so we put α =− 1
2 0 = 0 and β =

√
4− 1

2 0 = 2. This
gives xh = eαt(C1 cosβ t +C2 sinβ t) =C1 cos2t +C2 sin2t. To find a solution of
ẍ+ 4x = 4t + 1 we try xp = A+Bt. This gives ẋp = B and ẍp = 0. Putting this
into the equation, we find that

ẍp +4xp = 0+4(A+Bt) = 4A+4Bt = 4t +1.

This implies that B = 1 and A = 1
4 . Thus

x(t) =C1 cos2t +C2 sin2t +
1
4
+ t

7 x= uert =⇒ ẋ= u̇ert +urert = ert(u̇+ur) =⇒ ẍ= üert + u̇rert +r(u̇ert +urert)=
ert(ü+2ru̇+ur2). From this we get

ẍ+aẋ+bx = ert [(ü+2ru̇+ur2)+a(u̇+ur)+bu]

= ert [ü+(2r+a)u̇+(r2 +ar+b)u]

The characteristic equation is assumed to have one solution r = −a
2 . Putting r = −a

2
into the expression we get

ẍ+aẋ+bx = ert ü

So x = uert is a solution if and only if ert ü = 0⇔ ü = 0. The differential equation
ü= 0 has the general solution u=A+Bt. Thus x=(A+Bt)ert is the general solution
of ẍ+aẋ+bx = 0.
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a) Substituting t = es transforms the equation into x′′(s)+4x′(s)+3x′(s) = 0. The
characteristic equation is r2 + 4r + 3 = 0. The solutions are r = −3,−1. Thus
x(s) =C1e−3t +C2e−t . Substituting s = ln t gives x(t) =C1t−3 +C2t−1.

b) Substituting t = es transforms the equation into x′′(s)−4x′(s)+3x′(s) = (es)2 =
e2s. First we solve the homogenous equation x′′(s)− 5x′(s) + 3x′(s) = 0. The
characteristic equation is r2−4r+3 = 0, and has the solutions r = 1 and r = 3.
Thus xh =C1es +C2e3s. To find a particular solution of x′′(s)−4x′(s)+3x(s) =
(es)2 = e2s we try xp = Ae2s. We have x′p = 2Ae2s and x′′p = 4Ae2s. Substituting
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this into the equation, gives

x′′(s)−4x′(s)+3x(s) = 4Ae2s−4 ·2Ae2s +3 ·Ae2s

=−Ae2s

Thus we get A =−1, and

x(s) =C1es +C2e3s− e2s

Substituting s = ln t gives

x(t) =C1t +C2t3− t2.

9 If a 6= 0 we get the general solution

x = 100
ebt

2ab−3a2 +b2 +C1eat +C2e−3at

provided that 2ab−3a2+b2 6= 0. When a = 0 and b 6= 0 we get the general solution

x =C1 +
100
b2 ebt +C2t

There are also some other cases to consider, see answers in FMEA ex.6.3.9.

10 The homogeneous equation y′′+2y′−35y = 0 has characteristic equation r2 +
2r− 35 = 0 and roots r = 5 and r = −7, so yh = C1 e5t +C2 e−7t . We try to find a
particular solution of the form y = Aet +B, which gives

y′ = y′′ = Aet

Substitution in the differential equation gives

Aet +2Aet −35(Aet +B) = 11et −5⇔−32A = 11 and −35B =−5

This gives A =−11/32 and B = 1/7. Hence the general solution of the differential
equation is y = yh + yp =C1 e5t +C2 e−7t − 11

32 et + 1
7

11 The homogeneous equation y′′+y′−6y = 0 has characteristic equation r2 + r−
6 = 0 and roots r = 2 and r =−3, so yh =C1e2t +C2e−3t . We try to find a particular
solution of the form y = (At +B)et , which gives

y′ = (At +A+B)et , y′′ = (At +2A+B)et

Substitution in the differential equation gives

(At +2A+B)et +(At +A+B)et −6(At +B)et = tet ⇔−4A = 1 and 3A−4B = 0
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This gives A =−1/4 and B =−3/16. Hence the general solution of the differential
equation is y = yh + yp =C1e2t +C2e−3t − ( 1

4 t + 3
16 )e

t


