Reading. This lecture covers topics from Section 1.1, pages 2-4 in FMEA [2]. For a
more detailed treatment, see Sections 15.2-15.5 and 16.1-16.5 in EMEA [3]. See also 8.1-8.3
in [1]. Note that most of this material is part of the required background for the course.

0.1. Matrix algebra. In this section we review the notion of matrices, matrix sum-
mation and matrix multiplication.
Matriz addition and subtraction. We first look at the notion of a matrix.

Definition 0.1. A matrix is a rectangular array of numbers considered as an entity.

We write down two matrices of small size.

An m x n matrix is a matrix with m rows and n columns. If we denote the matrix by
A, the number at the ith row and at the jth column is often denoted by a;; :
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We often write A = (a;;)mxn for short. The diagonal entries of A are a1, az2, 033, . --
In the case m = n, these elements form the main diagonal. A zero matriz is matrix
consisting only of 0. A zero matrix is often written 0. The size of a zero matrix is usually
clear from the context.

We say that two matrices are equal if the have they same size (order) and their corre-
sponding entries are equal.

A word on brackets: A matrix is usually embraced by a pair of brackets, () or []. The
book FMEA (2] uses (), so I try to use these pairs of brackets in these notes. During the
lectures I will however mostly write [], since it is easier.

Definition 0.3. The sum of to matrices of same the order is computed by adding the corre-
sponding entries.

It is easy to see how this works in an example.
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A matrix can be multiplied by a number.

Definition 0.5. Let A be a matrix and let & be a real number. Then kA is calculated by
multiplying each entry of A by k.

In an example this looks as follows:

If A and B are two matrices of the same size we define A — B to be A+ (—1)B. This
means that matrices are subtracted by subtracting the corresponding entries. The following
rules applies:

Proposition 0.7. Let A, B and C be matrices of the same size (order), and let 7 and s be
scalars (numbers). Then:

(1) A+B=B+A

(2) (A+B)+C=A+(B+0C)

3) A+0=A4

(4) r(A+B)=rA+rB

(5) (r+s)A=rA+XA €3

(6) r(s4) = (rs)A

Matriz multij)lication. In this section we review matrix multiplication which is a bit
more complicated than addition and subtraction of matrices.
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Definition 0.8. Let A be an m x 1 matrix and let B be an n x p matrix. The product AB
is an m X p matrix that is calculated according to the following scheme:

b1y bip
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cij = @ibij + aiba; + ... + Qinbnj

The element ¢;; is computed as

You should think of this in the following way: The line through row ¢ in A and the line
through a column j in B meet in the entry ¢;; in the product. The entry c;; is obtained by
multiplying the first number in row ¢ in A by the first number in the column j in B, the
second number in row i of A with the second number in column 7 of B and so on, and then
adding all these numbers.

We see that the product AB have the same number of rows as A and the same number

of columns as B. Do 2. Z <2 E o 2
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Solution.

N
1)
P

-a

N =IO
Ao

I1

Thus we get that

0 3
BA=| 1 2 ].
2 4

Note that the product AB is not defined.

Matrix multiplication follows rules that we know from multiplication of numbers.

Proposition 0.11. We have the following rules for matrix multiplication:

(1) (AB)C = A(BCQ) (associative law) %\)J‘C ~
(2) A(B+C)= AB+ AC (left distributive law) —

(4) k(AB) = (kA)B = A(kB) where k is a scalar.

(3) (A+ B)C = AC + BC (right distributive law) -f\(\g = \E;A

The following easy example shows how to calculate with the distributive laws.

same order.

éie 012 Assume that A

lf and only if AB= BA. -

Solution. We have that
(A+ BY(A-B)=A(A-B)+ B(A— B)
by the right distributive law. By applying the left distributive law two times, we get
A(A-B)+B(A-B)=A? - AB+BA- B~

This is equal to A2 — B2 if and only if —AB + BA = 0 which is the same as to say that
AB = BA. (Note that we may move a summand from one side of the equation to the other
side of the equation if we change the sign. Why?)

REyr= AR

Problem 0.1. Simplify the expression where A, B and C are matrices.
A(BB - C)+ (A —2B)C+2B(C +24)

0.2. Determinants. In this section we review how to compute determinants and co-
factors.

%r G

Definition 0.13. Let A be a general 2 x 2 matrix,
A= ( ar;, 12 ) .
az1 a2
The determinant |A| of A is defined by

A =14 =

a1l @12
az1  a22

= G11Q22 — 021012
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Let us compute the determinant in an example.
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Example 0.14. Compute

Solution.

‘:2-4—3-1:8—3:5.

(SIS CEN]
[ TNy

1:1-2—2-1:2—2:0.

Cofactors are very important. - They will allow us to calculate the determinant of larger

g\%ﬂ/% . matrices and to find the inverse matrix.
U VR
. Definition 0.15. Let A be an n xn matrix. The cofactor 4;; is (—1)**7 times the determinant
fe ; + obtained by deleting row ¢ and column j in A. i\
— + G

Solution.

g‘:(-1)(1-0—2-3):6

Using cofactors, we can now calculate the determinant of larger matrices.

Definition 0.17. Assume that ] — ca be dem%tz} M

aix G12 -+ Oln

A=| ; e\Gaqy el rew

an1 Gp2 **°  Onp
is an n X n matrix. Then the determinant |A| of A is given by
|A] = a11411 + a12412 + - - + Q1 Ain-

Moreover, this is called the cofactor ezpansion of A along the first row.

In the case A is a 3 x 3 matrix,

a11 Q12 @13
A= | a1 ax a3 |,
a3z; a3z 033

this gives the following formula for the determinant:

a11 @12 G13
Al =1 a21 @22 a3 | = a1l + a12die + a13dis
az1 432 a33
a21 Q23
as1  G33

G2z Q23
azz ass

Q21 Q22

frerd a’l
asy as2

—ai2

We use this formula to calculate the determinant in an example.
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Solution.
1 3 5
S IR R
2 01
:1.(1.1_().1)_3.(0.1_2.1)+5.(0.0_2.1)
=1-3(-2)+5(-2)
=-3.

Actually, the concept of cofactor expansion is more general. The determinant may be
computed by cofactor expansion along any row or column. We will not state this in a formal
theorem, but rather we show how this works in an example.

Solution. We get
|A|=0-A21+1‘A22+1~A23
— Q- (—1)2H. g ?1"‘“(_1)%,2' ; ?‘+(_1)2+3 é gl
=0+(1-1-2-5)—(1-0—2-3)
=0—-9+6
=-3.

An important notion is the transpose of a matrix A. This is written AT, The books
FMEA [2] and EMEA [3] use the notation A’, but A” is more common, so I will stick to
that notation.

Definition 0.20. Let A be an n x m matrix. The transpose of A, denoted A", is the matrix
obtained form A by interchanging the rows and columns in A.

For a 3 x 3 matrix, the transpose matrix is easy to write down.

Solution.
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We now return to calculation of determinants, and note the following properties. These
are very useful, and can simplify calculations tremendously.

Proposition 0.22. Let A and B be n X n matrices.
(1) [AT]=|A]
(2) |AB| = ]A|1B] AR\ =% el + x|
(8) If two rows in A are interchanged, the sign of the determinant changes.
(4) Tf a row in A is multiplied by a constant k, the determinant is multiplied by k.
(5) If a multiple of one row is added to an other row, the determinant is unchanged.

We demonstrate the utility of this proposition in some examples.

Solution. Since the determinant is unchanged if we take two times the first row and add to
the second, we obtain:

-1 0 -2 -1 0 -2
|Al=| 2 0 4=/ 0 0 0
5 1 1 5 1 1

By taking cofactor expansion along the second row, we see that |A| = 0.

Solution.
-2 -6 =10 1 35
Notethat | 0 1 1 is obtained from | 0 1 1 | by multiplying the first row by
2 0 1 2 01
—2. Thus
-2 -6 -10
0 1 1 | =(-2)(-8)=6.
2 0 1
2 01 1 35
Note further that | 0 1 1 | is obtained from | 0 1 1 | by interchanging two rows.
1 35 2 01
Thus
2 01
01 1|=(-1(-3)=3.
1 35
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Solution.
|A|=0 = |AB|=A||B|=0-|B|=0.

Problem 0.2. Compute the determinants.
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