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2.1 Matrix Operations

Matrix Notation:

Two ways to denote m x n matrix A4:

In terms of the columns of A:

A:[a2

In terms of the entries of ,9)

Main diagonal entries:

Zero matrix:

aij

Ain




THEOREM 1

Let 4, B, and C be matrices of the same size, and let » and s
be scalars. Then

a.A+B=B+A4 d.r(4+B) =rd+rB
b.d+B)+C=4+B+C) e.(r+s)4d =rd+s4
cC.A+0=4 f.r(s4) = (rs)4

Matrix Multiplication

Multiplying B and x transforms x into the vector Bx. In turn, if we
multiply 4 and Bx, we transform Bx into A(Bx). So A(Bx) is the
composition of two mappings.

Define the product 4B so that 4(Bx) = (4B)x.



Suppose 4 is m x n and B is n x p where

B = [bl bz bp] and X =

Then

X1

X2

Xp

BXx =X1b1 +be2 + e +prp

and

A(Bx)=A(x1b1 +JC2b2 + .- +prp)

= A(x1b1) +A(x2b2) + .- +A(prp)

= x14b; + x2A4b; + .- +prbp = I:Abl Aby .-

Therefore,

4b, ]

ABx) = [4b; 4by - 4b, |x.

and by defining

AB = [4b, 4b; --- Ab, ]

we have A(Bx) = (4B)X.

X1

X2




4 -2
EXAMPLE: Compute ABwhere4=| 3 -5 |and

0 1
2 =3
B = )
Solution:
4 -2 ) 4 -2 — ; —
Ab, = 3 -5 [ :l, Ab, = 3 -5
6 —7
0 1 0 1 = —
— - _ _
-4 2
= —24 = 26
6 —7
_ 4 -
= AB = 24 26
6 -7

Note that 4b, is a linear combination of the columns of 4 and
Ab, is a linear combination of the columns of 4.

Each column of 4B is a linear combination of the columns of 4

using weights from the corresponding columns of B.




EXAMPLE: If 4is4 x3 and B is 3 x 2, then what are the sizes of
AB and BA?

Solution: B _ B _
k kX = -
k %k
k %k %k
AB = *x % =
k %k ok
X X
* ok ok e -
(s 3D %)
— ""‘_ kk 3k %k |
k %k
BAwouldbe | x *rr
* %k %k
*k  k
— = ok % %
Sr2 “tx
whichis __ "ot dikewd . (Z=4%)

IfAismxnand Bisnxp,then 4B is m x p.




Row-Column Rule for Computing AB (alternate method)

The definition

AB = [4b; 4b; - 4b, ]

is good for theoretical work.

When 4 and B have small sizes, the following method is more
efficient when working by hand.

If AB is defined, let (4B), denote the entry in the ith row and jth
column of 4B. Then

CO\L,MN\VL \)
3 (4B); = ailblji‘ apby + -+ + a,-,,,b,,j/ n ®
o P _
\(‘OUJAKJ — \Clzl an oo din
(4N
e, ’ L;> M
S




2 36
-1 0 1

2.7

EXAMPLE 4= I:

AB, if it is defined.

],B

= 0 1 |[. Compute

Solution: Since 4 is 2 x 3 and B is 3 x 2, then 4B is defined and

AB is T x 2

2 -3
2 3 6

AB = 0 1
-1 0 1

4 -7

—_— )

Lo Lo
&2 W e W
N ks N

28 —45
S0 4B = 8 .
2 -4

2 -3
] 0 1 |-
4 -7




THEOREM 2

Let 4 be m x n and let B and C have sizes for which the
indicated sums and products are defined.

a. A(BC) = (UB)C (associative law of multiplication)
b.A(B+C) = AB+ AC (left - distributive law)
C. (B+C)A=BA+CA (right-distributive law)
d. r(4B) = (rA)B = A(rB)
for any scalar r

e. In,A=4=A4l, (identity for matrix multiplication)
A=y e = ong . for
WARNINGS i

Properties above are analogous to properties of real numbers.
But NOT ALL real number properties correspond to matrix
properties.

1. ltis not the case that AB always equal B4. (see Example 7,
page 114)

2. Evenif 4B = AC, then B may not equal C. (see Exercise 10,
page 116)

3. Itis possible for 4B = 0 evenif4 + 0 and B # 0. (see
Exercise 12, page 116)

For ostercs s\ =0 1Maw Re-c=o = BT=cC__
Yor needvccon: Coen & Bk , R&c CM\«;FF_‘,\
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If 4 is m x n, the transpose of 4 is the n x m matrix, denoted by
AT, whose columns are formed from the corresponding rows of
A.

EXAMPLE:
16 7 |
12345 | 27 6
A=| 6 789 8 =  AT=| 3 85
76 5 4 3 49 4
- R 58 3




EXAMPLE: Let4 = |:

AB, (4B)T, ATBT and B74".

Solution:

13
AT™BT=| 2 0 [
01

1
1 20
, B = 0
301:|
-2

. Compute

10



THEOREM 3

Let 4 and B denote matrices whose sizes are appropriate for
the following sums and products.

a. (A7)" = 4 (l.e., the transpose of 47 is 4)
b. (4+B) = AT + BT
c. Forany scalar r, (rd)” = rd”

d. (UB)" = BTAT (l.e. the transpose of a product of matrices
equals the product of their transposes in reverse order. )

EXAMPLE: Prove that (4BC)” = C & A .

Solution: By Theorem 3d,
UBC)" = (4B)C)T = C*( )’

:CT( ):

11
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3.1 introduction to Determinants

Notation: Aj; is the matrix obtained from matrix 4 by deleting the
ith row and jth column of 4.

EXAMPLE:

\ZLf
< lo I

13 1R {6

a b

c d

Recall that det[ } = ad — bc and we let det[a] = a.

For n > 2, the determinant of an n x » matrix 4 = [a;] is given
by

detd = ay1detdy1 —apdetd + - + (—1)1+”a1n detA4 1,
/ =2 (-1)Yaydetdy
=

(st rGW)



1 20
3 -1 2

2 0 1
Solution

| -1
det4 = 1det 2 — 2det 32 + Odet 3
0 1 2 1 2 0

- D) -2 (W) <o

EXAMPLE: Compute the determinant of 4 =

= \

3 2 3 2
Common notation: det =
2 1 2 1
So
b2 0 1 2 3 2 3 -1
3 -1 2 | =1 _2 +0| ©
0 1 2 1 2 0
2 0 1

The (i, j)-cofactor of 4 is the number C; where
Cyj = (1) det4;.

1 20

3 -1 2 |=1C11+2C12+0Cy3
2 0 1

(cofactor expansion across row 1)



THEOREM 1 The determinant of an » x » matrix 4 can be

computed by a cofactor expansion across any row or down any
column:

detd = anCi +apCn + -+ +ainCi, (expansion across row i)

det4d = aleU + aszQJ' + e 4+ ananj (expansion down
column j)

Use a matrix of signs to determine (-1)"

_ R —
— 1 _
+ - +
12 0 |
EXAMPLE: Compute the determinantof4 =] 3 -1 2
2 0 1
using cofactor expansion down column 3. B -
Solution
1 2 0
3212 |=0l > Mol VA et %ot
50 1 2 0 2 0 3 -1




1234
: 02135
EXAMPLE: Compute the determinant of 4 =
0 021
0 0335
coedesr B -
Solution R
112 3 4
0j2 1 5
0/]0 2 1
000 3 5
211 5 2 3 4 2 3 4
=111002 1 |-0 +0l 215 ([-012 15
35 35 0 21
/
NLw Co\m}w\
{K?W%cw\ :1,2 =14
35

Method of cofactor expansion is not practical for large matrices -
see Numerical Note on page 190.



Triangular Matrices:

- — — —

X ok x ok * 0 0 0 O

0 x * % *x %k 0 0

0 0 x ok X % 0 0

0 0 0 % x * ok * 0

0 0 0 0 x Xk eee ok ok
(upper triangular) (lower triangular)

THEOREM 2: If 4 is a triangular matrix, then det 4 is the product
of the main diagonal entries of 4.

EXAMPLE:

23 45
01 2 3
00 -3 5
00 0 4




3.2 Properties of Determinants

THEOREM 3

Let 4 be a square matrix.

a. If a multiple of one row of 4 is added to another row of 4

to produce a matrix B, then det4 =

detB.

b. If two rows of 4 are interchanged to produce B, then

detB = —detA.

c. If one row of 4 is multiplied by & to produce B, then

detB = k - det A.

1 2 3 4
0 500

EXAMPLE: Compute
2 7 6 10
2 9 7 11

Solution

1 2 3 4
1 3 4

0500
=52 6 10

27 6 10
2 7 11

2 9 7 11
1 3 4 1 3 4
=510 0 2 ]|=-501 3
013z 0 0 2

o[ L3
=510 0 2 ]
-7

2 7 11
:-{l-l?. :'/0_




Theorem 3(c) indicates that

EXAMPLE: Compute

Solution

~ W N
AN N B

[H—
= N O

= 2(-4)

* * b

—2k 5k 4k

* * *

= 2(-4)
0 -8 —11 Js

1
0

0 -8 -11

=2(=HMM)(5) = -40

SO e

k

2
—4

O == N

X ok K
-2 5 4

*x kX

3
—8

B N W

L)



23 0 1
4 7 0 3 : L
EXAMPLE: Compute using a combination of
79 -2 4
1 2 0 4

row reduction and cofactor expansion.

2 0
47 0 2 31 2 31
Solution =214 7 3 |=-2101 1
7 9 =2
1 2 4 1 2 4
1 2 0 4
2 31 1 2 4 1 2 4
=211 2 4 |=-2l231|=-2]0 -1 =7
0 1 1 011 0 1 1
1 2 4
=-21 0 -1 -7 = =2(1)(-1)(-6) = -12.
0 0 -6




B o«
0 W
Suppose 4 has been reduced to U = 0 0
0 0
0 0

row replacements and row interchanges, then

T
(—1)"( product of ) when 4 is invertible

det4 = < pivots in U

L 0 when 4 is not invertible

THEOREM 4 A square matrix is invertible if and only if
det4 + 0.

THEOREM 5 If 4 is an » x n matrix, then det4” = detA.

Partial proof (2 x 2 case)

b
det a jl = ad — bc -and

c d

T
det|] ¢0 | —aetl ¢ |2 adebe
c d b d
= det a b = det 4 ¢ .
c d b d



(3 x 3 case)

det

det

a b c

d e [
g h i

= det

a b c

d e f

g h i

Implications of Theorem 5?

Theorem 3 still holds if the word row is replaced

with

Coluumn

= det

d f

g i

+C

d e

10



THEOREM 6 (Multiplicative Property)
For n x n matrices 4 and B, det(4B) = (det4)(detB).

EXAMPLE: Compute det43 if det4 = 5.

Solution:  detd? = det(444) = (det4)(detA)(detA)

EXAMPLE: For n x n matrices 4 and B, show that 4 is singular if
detB + 0 and det4B = 0.

Solution:  Since
(det4)(detB) = detAB = 0

and
detB + 0,

then det4 = 0. Therefore 4 is singular.
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