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EQUATIONS DEFINING RATIONAL SINGULARITIES

Par JoNATHAN M, WAHL

INTRODUCTION

Suppose R = P/l is a complete two-dimensional rational singularity (e. g., [2]) of
embedding dimension ¢, where P is a formal power series ring in e variables over an alge-

braically closed field k. The tangent cone R = gr R is a quotient of the polynomiaf
ring P = gr P,

THEOREM 1. (see 2.1). — A minimal projective resolution for Pl = R is

0o Prr2S e Bp L0,

where

Y o
(@) the Betti numbers are b, =A(f+ Il), iz,

(b} the associared graded sequence:
0 P23 PN BB L BT,
is a minimal projective resolution for R, and ¢, has degree 2, @, has degree 1 (i > 1.
We therefore may say that R is defined by quadratic equations, and all the higher ‘
syzygies are linear. The proof of this resuit is cohomological, but not difficult; one uses i
Castelnuovo’s lemma on the projectivized tangent cone, showing it admits a 2-regular

resolution, and then uses a variant of the Artin-Rees theorem to lift the equations for R

to those for R (§1). Apparently, more elementary algebraic proofs are available using
only that the multiplicity is ome less than the embedding dimension (2.6).

The same techniques yield an analogous result for the “minimally elliptic’’ singula-
rities of Laufer [12]; these are Gorenstein singularities (hence have self-dual resolutions),
and include cones over elliptic curves and the cusp singularities of the two-dimensional
Hilbert modular group.

THEOREM 2. (see 2.8). — A minimally elliptic singularity (over C) with ¢ = 4 has a
minimal resolution as in Theorem 1, except that

(@) be_2=1,b,=i‘ifl“_2)( ¢ ) i=1,..., e~3,
e—1 i+1

ANNALES SCIENTIFIQUES DE L ECOLE NORMALE SUPERIEURE
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