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Deformation problem

We fix a field k.

Our example:

o A = k[x, y] is the commutative coordinate ring of the affine plane

e M= A/(x?y) is considered as a right A-module

We want to compute:

@ The pro-representing hull HS(M) of the commutative deformation
functor Deff, of the right A-module M

@® The pro-representing hull H(M) of the noncommutative deformation
functor Defy, of the right A-module M

©® The commutative versal family M€ defined over H¢(M)
@ The noncommutative versal family M defined over H(M)
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The tangent space and obstruction space

We fix a free resolution (L, ds) of the right A-module M:

y .
0 M ALEY) p2 (Ce) A0

To compute Ext;(M, M), we consider the complex Hom(Le, M):

M (x2y) M2 '(—};2)

M—0

The maps in this complex are zero, and the tangent space H' and the
obstruction space H? for either of the deformation functors are given by

H! = Ext{(M, M) = M?,  H? = Ext3(M,M) =M

where dimy H! = 4 and dim, H? = 2 since M ~ k @ kx has dimension two.
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The pro-representing hulls

From the dimensions of the tangent space and obstruction space, we may
conclude that the hulls have the following form:

Pro-representing hulls
There are commutative power series £, fy and noncommutative power
series fi, f» such that
HE(M) = k[t1, t2, 85, ta]l / (£, 1)
H(M) = k<<t17 t2) t37 t4>>/(f1) f2)

We must use commutative and noncommutative Massey products to
compute these power series, and the versal families will be discovered as a
side product of these computations.
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The Yoneda DGA

We know that H"(Y®) =~ Ext(M, M), where Y*® = Hom(A)(L., L,) is the
Yoneda DGA (differential graded algebra). The Yoneda DGA is given by

Y™ =Hom{(Ls, L) = [ [ Homa(Lns s L)
i>0
for n > 0, and for any element ¢ = (¢;)i>0 € Y" with ¢; : Li1, = L;, the
differential d, : Y" — Y"1 is given by
d"(¢) =¥ = (¥)iz0, With ¥ = ¢idnrj + (—1)" didisy
Representations of cohomology classes when L; = 0 for j > 2

An element in H! = H'(Y*®) can be represented by a pair (¢g, 1) € Y*!
such that doh1 + dod; = 0. An element in H?> = H2(Y*®) can be
represented by an element wg € Y2. The multiplication Y! @, Y1 — Y?
is given by

(¢0, ¢1) - (0,%1) = do © Y1
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Yoneda representations of tangent vectors

Let us choose a k-base of the tangent space H! = Ext(M, M) = M?
consisting of

ti =(1,0), t=(x0), t3=(0,1), t7=(0,x)

and a cocycle a(i) = (a(i)o a(i)1) € Y* that lifts the cohomology class
tr € HY(Y®) for i =1,2,3,4:

Yoneda representatives of tangent vectors

=10 0.(%)r  a®@=10 v.()
@10 0.(°)  a@=10 0.(})
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Yoneda representations of obstruction vectors

Let us choose a k-base of the obstruction space H? = Ext3(M, M) = M
consisting of
st=(1), s=(x)
and a cocyle w(i) = (w(f) ) € Y? that lifts the cohomology class
st e H2(Y*) for i=1,2

Yoneda representatives of obstruction vectors

w(1) ={(1)} w(2) ={(x)}

Eivind Eriksen (BI) Computing Noncommutative Massey Product AGMP '10 7/23



Versal family at the tangent level

At the tangent level, HS = H¢/I(H¢)? and H, = H/I(H)? both equal
kle] = kle1, ..., ea], where €; = t; and €je; = 0 for all i, ;.

Lifting of families
We write A[ﬁ] = k[ﬁl, 0009 64] Rk A= H2 (oSop% A= H2C Rk A, and define
liftings of the A-linear differentials dp and dj to Ale] by

dole] = do + Z ema(m)o = (X* + €1+ e2x  y + €3 + €4x)
1<m<4

dld=di+ Y ema(m) = < Y o e+ eax )

—X° — €1 — 62X
1<m<4 1=
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Versal family at the tangent level

We consider the following sequence of maps, where M[e] = coker(dp|e]):

dq

0 M| « Ale] < a2 &M Al 0 (1)

By construction, this is a complex. In fact, it is instructional to compute
the matrix product

dol€]di[e] = (e1€3 — €3€1) + (€1€4 — €4€1 + €3 — €3€2)x + (€264 — 6462)X2
It is zero since €je; = 0 in ke].
Conclusion: Versal families at the tangent level

e The complex (1) is a free resolution of M[e] that lifts (Ls, ds) to Ale]

e The versal families at the tangent level are My = M$ = M|¢]
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Cup products

The Massey products {«(i), a(j)) of order two are called cup products.
Definition of cup products

The commutative and noncommutative cup products are defined in terms
of the multiplication in the Yoneda DGA:

{a(i)

;o) = ali) a() + o)) ali)
(i),

(1)) = a(i) b))

The cup products give second order approximations f; = 2 + I(H)3 and
f€ = ()2 + I(H)3 of the power series, where

2= > w(i)((a(m),a(n) tmtn

1<m,n<4

(2= Y wi){a(m),a(n)) tmt,
1<m<n<4

Eivind Eriksen (BI) Computing Noncommutative Massey Product AGMP '10 10 / 23



Computation of cup products

We compute the noncommutative cup products that are non-zero in Y?:

(a(1),a(3)) = (1) = w(1) (a(3),a(1)) = (-1) = —w(1)
(a(1),a(4)) = (x) = w(2) (a(4),a(1)) = (—x) = —w(2)
(a(2),2(3)) = (x) = w(2) (a(3),(2)) = (—x) = —w(2)
(a(2),a(4)) = (x*) (a(4),a(2)) = (—x%)
We notice that all commutative cup products are zero in Y?2.
Second order approximations
f12 = hit3 — t3t1 (flc)z =0
£2 = tity — tat) + tots — taty (F5)? =0
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Cup products and lifting of complexes

Let us try to lift the complex (1) from the tangent level to k[[t1, ..., t]]
or k{(t1, to, t3, ta)) by replacing d;[e] with d?(¢t):

d(t)=do+ Y tma(mo=(x*+t1+tx y+t3+ tax)
1<m<4

1p) y 4 t3 4 t4x

di(t)=cdi+ > tma(m)= ( Ja tl_t2x)
1<m<4

The obstruction for this to be a lifting of complexes is
di(t)di(t) = (tits — taty) + (tits — taty + totz — t3ta)x + (taty — tats)x>

Note that the coefficients in front of 1 = w(1) and x = w(2) are the second
order approximations, and that the obstruction vanishes in k[[t1, ..., t]].
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The commutative case

In the commutative situation, we have d3(t)di(t) = 0. We may consider
di(t) = d}(t) as a matrix with coefficients in A[[t]] = k[[t1, ..., ta]|RkA.
Moreover, we consider the complex

L9 AR 9 afre) « 0 2)

0+ M(t) + A[[t]] +——
where M(t) = coker(dp(t)).
Commutative versal family

e The complex (2) is a free resolution of M(t) that lifts (1) to A[[t]]

e The pro-representing hull of the commutative deformation functor
Deff, is H(M) = k[[t1,...,ts]], and ¢ = £ =0

e The versal family in the commutative situation is M€ = M(t)
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The noncommutative case

In the noncommutative situation, the obstruction for lifting the complex
(1) to Tt = k{({t1, t, t3, t4)) does not vanish, since

di(t)di(t) = (tits — t3t1) + (tits — taty + totz — t3t2)x + (taty — tatr)x>
= f;l.2 ’ w(l) + f22 : w(2) + (t2t4 — t4t2)X2

where (X2) is a coboundary in Y2 |t follows that at the next level, where
I(H)3 = 0, we must kill the obstructions by forcing 2 = £ = 0:

Hs = TH(TY + (f, 1))
= k(tl, to, t3, t4>/((t1, to, t3, t4)37 [tl, t3], [t1, t4] + [tz, t3])

where we write [t;, t;] = t;t; — t;t; for all i, ;.
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|dea: Immediately defined third order Massey products

A third order Massey product («(i), a(j), a(k)) is immediately defined if
the intermediary cup products are coboundaries:

{a(i), a(j)) = d(a(i,)))
(@), a(k)) = d(al, k))
In that case, {«a(i), a()y), a(k), a(i, ), a(j, k)} is a defining system for the

third order Massey product. Given a defining system, the third order
Massey product is defined by

(a(i), a()), a(k)) = a(i)alj, k) + a(i, j)a(k)

Even if the third order Massey product is defined, it may depend on the
defining system.
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Defining systems for third order Massey products

Let By be the set of monomials in the variables t1,. .., ts of order at most
one, and extend this to a monomial k-base B, = By U By for Hs, with

By = {titj : 1 <i,j <4} \ {tits, tita}

We use the quadratic relations tyt3 = t3t; and tity = t4ty — trts + t3tr to
express any quadratic monomial t = t;t; as

t=> Bttt

t'eB;

with 3(t,t') € k. For any tpt, € B, there exists a (non-unique) element
a(m, n) € Y1 such that

> (i), a() B(tity, tmts) = —d(a(m, n))

1<ij<4
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Computing defining systems
For t = tht, € By, we compute the right-hand side of the equation

d(a(m,n)) == > {a(i), a))) B(tit;, tmtn)

1<ij<4

Using the cup-products computed earlier, we see that the right-hand side
vanishes in all cases except these:

d(a(2,4)) = —(a(2), a(4)) = (=x%)
d(a(4,2)) = —(a(4), a(2)) = (x*

We choose a(m, n) = 0 for all ty,t, € By with (m, n) # (2,4), (4,2), and
a(2,4)={(0 1), (8)} a(4,2)={(0 -1), <8)}
Then D(3) = {a(m, n) : tmt, € B} U{a(m) : tym, € By} is a defining

system for third order Massey products.
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Third order Massey products

The third order Massey product (a(p), @(q), «(r)) is defined for any
monomial t = tytqt, in B, where

Bé = {t,'tjtk 1<, k< 4-} \ {t,'tlt3, titity, titst;, titat; 01 < < 4}

Let §§ = Bj U By. For any monomial t of degree at most three, we have

t=> Ft)+ Y Bt i)

t€B] 1<i<2

with 3(t,t"), B'(t, i) € k. The third order Massey products are given by

(a(p).a(q).a(n)) = Y a(t)a(t") Bt totgty)
;7?'!62%2
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Computing third order Massey products

In the Yoneda DGA, the only non-zero products «(t,t') with t,t’ € By are
a(2,4)a(1) = (-1) = —w(1) a(4,2)a(1) = (1) = w(1)
a(2,4)(2) = (—x) = —w(2) a(4,2)a(2) = (x) = w(2)

Since the monomials trtaty, tatats, tataty, tatatr are not involved in any of
the relations, the only non-zero third order Massey products are

((2), a(4), (1)) = —w(1) (a(4), a(2), (1)) = w(1)
((2), a(4), a(2)) = —w(2) (a(4), 2(2), a(2)) = w(2)

Third order approximations

2 = [t1, ts] — [t2, ta]ta
f5 = [t1, ta] + [t2, ts] — [t2, ta] 22
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Versal family at the third level

Using the defining system D(3), we find a lifting of the versal family Mo
at the tangent level to a versal family M3 defined over Hs:

Lifting of families to H3
We define matrices with coefficients in k{(t1, ..., t3))®,A:
o = @ 4 Z tmtn c(m, n)o

tmtn€B2
= (X +t1+tx y+t3+ tax+ totg — taty)
2 1 y + i3+ tgx
tmtneBZ
Considered as matrices with coefficients in Hz ®y A, this is a lifting of the

complex (1) at the tangent level to H3 ®x A, and M3 = coker(d?).

Eivind Eriksen (BI) Computing Noncommutative Massey Product AGMP '10 20 / 23



Third order Massey products and lifting of complexes

Let us compute the matrix product d2 d? in k((t, ..., t4))®kA, the
obstruction for lifting the complex to k{(t1,...,ts)):

dad? = didi + [to, ta](—x* — t1 — trx)
= ([t1, ts] — [t2, ta]t1) + ([t1, ta] + [t2, t3] — [t2, ta]t2) x
= ffw(l) + fw(2)

We must kill the obstructions by forcing 2 = f; = 0, and then we are
done:

H=TY(f,5))
= k{(t1, to, t3, t4)) /([t1, t3] — [t2, ta]t1, [t1, ta] + [t2, t3] — [t2, ta]t2)

With dp = dg and di = d12, we then have dody = 0 in HRA.
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Conclusions in the noncommutative case

Using noncommutative Massey products up to order three, we have found:

Results in the noncommutative case
e The relations are given by
fi =1 =[ti,ts] — [to, ta]t1, Fo="F5 = [t1, ta] + [t2, t3] — [t2, ta]
e The pro-representing hull is given by
H = k{{t1,t2, t3,t4))/([t1, t3] — [t2, ta]t1, [t1, ta] + [t2, t3] — [t2, ta]t2)

e The versal family is given by M = coker(dp), with free resolution

0 M — HBA L (HB(A)? <L HB(A < 0
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